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1Abstract
The hydraulic analogue has no equal as a research  
to o l in  the v isu a l study o f  the tra n s ien t heat tra n sfer  
problems. The experim ental time can be designed long  
enough to  carry out the manual adjustments o f  the analogue 
components, thus avoiding the c o s t ly  automatic d ev ices  
which would otherw ise be b u il t  in to  the apparatus.
The truncation  error o f the f i n i t e  d ifferen ce  network 
and the con stru ction  error o f the hydraulic analogue 
were in v e s t ig a te d . The s t a b i l i t y  o f  the f i n i t e  d ifferen ce  
equations used in  the designs were d iscu ssed , and some 
d esign  parameters as guidance were suggested .
An ingenious d ev ice  o f v a r ia b le  r e s is to r  fo r  the  
sim ulation  o f the v a r ia tio n  o f  thermal con d u ctiv ity  was 
u sed . The te le sc o p ic -tu b e s  device fo r  the v a r ia tio n  
o f  boundary temperature was sa tis fa c to ry *  O ils  were 
found to  be id e a l fo r  u se , as they are fr e e  from the  
growth o f organism and are not co rro siv e  to  the m etal 
su rfa ces. B esid es, su ita b le  ch o ice  o f  o i l  can g ive  almost 
any required len g th  o f  experim ental time*
Using the shock heating problems o f in su la ted  rod 
and in f in i t e  p la te  fo r  the comparison o f  hydraulic analogue 
accuracy, the c e n tra l and end storage arrangements fo r  
the designs were a lso  in v estig a ted *  Shock heating problems 
o f  the in f in i t e  hollow  cy lin d ers o f  ou ter/in n er diameter 
r a t io s  o f  ? t i ,  11*3* 15*7* 9*5* 19*11, and 27*19$
2and of the hollow spheres of o u te r/in n e r diam eter ra tio s  
of 3*I f  2*1 , and 3*2 , were solved using the hydraulic 
analogue*
In the ap p lica tio n  of the hydraulic analogue to  the 
freezing  and cooling problem of a f in i t e  c y lin d r ic a l 
casting  in  a water cooled c a s t- iro n  mould, many components 
were designed to  take in to  account of the l a te n t  h e a t, the 
v a ria tio n s  of thermal conductiv ity , sp ec ific  h e a t, density  
and boundary heat tra n s fe r  c o e f f ic ie n t ,  w ith temperature*
The problem involved heat flow in  two dimensions, and the 
mould In te rface  temperature varied  with the casting  
in te rfa c e  temperature*
S alien t p o in ts  concluded from the re s u l ts  are*
(1) The mould in te rfa c e  tem perature was found more l ik e ly  
to  vary w ith the casting  in te r fa c e  tem perature, and i t  
would be a b e tte r  approximation to  use a reasonable 
re la tio n sh ip  between the two tem peratures fo r  the  boundary 
conditions of the  casting  ra th e r  than the usual assumption 
of constant tem perature a t the boundary*
(2) I t  was found th a t  there  i s  a long period of p a r t ia l  
con tac t between the casting  and the mould during s o l id if ic a t io n , 
and the neg lect of the conduction heat tra n s fe r  would
cause serious discrepancies*
(3) I t  was found th a t the cooling curves w ith in  the s te e l 
casting  in v estig a ted  are qu ite  accurate fo r  use in  the
approximate an a ly sis  of thermal s tr e s s  or s o lid if ic a tio n  
mechanisms of any s im ilar casting  problems*
31*1 General survey 
a* In troduction
In  many problems esp ec ia lly  those of heat t r a n s fe r ,  
there  are many d i f f i c u l t i e s  in  the d ire c t  experimental 
methods of measuring the tra n s ie n t temperature d is trib u tio n s*  
F i r s t ly ,  the thermocouple must be designed small in  mass 
and volume so th a t the  tru e  heat tra n s fe r  phenomenon 
in v estig a ted  I s  not d is tu rbed . Secondly, a t  the lo c a tio n s  
of steep temperature g rad ien ts , i t  i s  d i f f ic u l t  to  p lace 
the thermocouples a t  the  desired  isotherm al contours and 
the conduction of heat along the thermocouple v ire s  seems 
unavoidable, leading to  e rro rs  in  measurements. T h ird ly , 
in  the case of rap id  change of tem perature, the s e n s it iv ity  
or response of the thermocouple must be good, and means 
must be provided fo r  the recording of tra n s ie n t temperatures* 
The instrum ents fo r the d ire c t experimental method of 
tem perature measurements, are u sua lly  very expensive.
The a lte rn a tiv e  to  the d ire c t experimental method, 
are the in d ire c t methods using the mathematical or the 
analogue methods. Exact so lu tions of the mathematical 
equations are usually  very d i f f ic u l t  i f  not impossible 
even in  simple cases of tra n s ie n t problems. F in ite  d ifference 
methods are more u sefu l in  the complex problems, but the 
computation work i s  u sua lly  very heavy. I t  i s  doubtful 
th a t ,  w ithout some so r t of instrum ental aids say d ig i ta l
or e lec tro n ic  eomputors, many problems could be solved
to  s u f f ic ie n t  accuracy fo r  the p ra c tic a l u se s .
With instrum ental a id s in  the so lu t io n  o f  complex 
problem, the amount o f programme work must now be considered . 
The combined c o s t  o f the instrument and the labour must 
be taken in to  account before a p roject can be embarked 
on that lin e *  Analogue method has many advantages in  the  
so lu tio n  o f  heat tra n sfer  problem where error w ith in  +2$ 
i s  to lerab le*  I f  greater accuracy i s  d esired , the analogue 
instrum ental c o s ts  may shoot up very high indeed.
Analogue method in  th e broad sense i s  the use o f one 
phenomenon whose r e s u lts  are e a s ie r  to  observe and record  
fo r  the p red ic tio n  o f another phenomenon, both o f which 
are governed by the s im ila r  type o f mathematical equations. 
Heat f lo w , e le c t r ic i t y  f lo w , and v iscou s f lu id  flow , 
are a l l  governed by the s im ila r  type o f mathematical 
equations. Consider a simple problem o f one dimension 
in  a l l  the three cases*
From the heat conduction equation ,
heat tran sfer  = K, [temperature d ifferen ce  across element
d ista n ce  across element
i . e .  SH * K,
From Ohm*s law ,
current = K^fvo ltage d ifferen ce  across element
1 e le c t r ic a l  r e s is ta n c e  across element
5From P o is e u i lle 's  equation ,
viscous flow a Kj 
i#e# SQ a  Kj
hydraulic head d iffe rence  across element
d istance across element
The temperature may he represented by the voltage 
or the hydraulic head, in  the analogue methods# 
b# Hydraulic analogue
Many heat tra n s fe r  problems cannot be solved by 
the an a ly tic a l methods* The app lica tion  of numerical 
methods w ith the help of computors, i s  a lso  becoming 
more and more d i f f i c u l t ,  as the number of dimensions i s  
increasing* The analogue method i s  p re fe rred  as an 
a lte rn a tiv e  to  provide so lu tions of p ra c tic a l  uses.
Moore (1936) developed a hydraulic analogue c a lle d  
“Hydrocal* of compact s iz e . As i t  was meant to  solve 
simple one dimensional problems, i t s  use was lim ited .
Water was used, and i t s  eh ie f defects were the growth 
of organism to  cause clogging and the corrosive nature 
to  the metal su rfaces. The low v isco s ity  of water made 
the use of f in e  bore g la ss  tubes as r e s is to r s  imperative# 
The high ve loc ity  of water flow would make the momentum 
lo sses  ra th e r  s ig n if ic a n t. The co nstruc tiona l e rro r was 
claimed to  be w ithin He used rubber tube connections 
in  a l l  the paths of flow. Horizontal bars were used to  
squeeze the rubber tube connections using the cam operating
6mechanism, and in  so doing the water le v e ls  in  the 
capac ito r tubes were "frozen" so th a t measurements could 
be made. The tra n s ie n t  flow was in te rru p ted  a t  required 
In te rv a ls  fo r measurements.
Leopold (19^8), Mclaughlin (195**)* and Mackey (195?)* 
developed hydraulic analogues fo r  the period ic  heat flow 
through build ing  w a lls , c e il in g , and f lo o r . They a l l  
used silico n e  o i l  fo r i t s  small change of v isc o s ity  with 
tem perature. Glass capacito r tubes and copper c a p illa ry  
tubes were used fo r  the hydraulic analogue network. 
C entrifugal and p o s itiv e  displacement o i l  pumps were 
used fo r the sim ulation of so la r ra d ia tio n  cy c le s . S ilicone 
o i l  due to  i t s  extremely low surface tension  leaked 
from a l l  but the most p e rfec tly  formed jo in ts ,  and i t  
a lso  reacted w ith the commercial pipe cements.
Barron (19^8), Nordal (1955), Aldrich (1956), and 
Sco tt (1957)> solved a number of f ro s t  and s o il  problems 
using the hydraulic analogue. A ldrich §& sX used a tube 
of la rg e  c ro ss-sec tio n a l area in to  which they in se rted  
a hexagonal rod thus obtaining several narrow channels 
as the passage fo r  the o i l  flow . By varying the long itud inal 
p o sitio n  of the hexagonal rod , the  length  of channels 
and therefore the re sis tan ce  to  the o i l  flow was varied . 
However, th is  method had the defec t of introducing "source" 
and "sink" during the movement of the rod. Sco tt designed 
a very elaborate  variab le  r e s i s to r  In  which the water
7flowed h e l ic a l ly  in  a path made by undercutting a square 
threaded rod* He a lso  designed a surface temperature 
programmer which co n tro lled  a motor sending a reservo ir  
b o tt le  up or down as required fo r  h is  problem o f  freezin g  
and thawing o f so ils *
jruhasz (1953)# Hooper (1953)# and Clark (1957) 
applied  th e ir  hydraulic analogue to  the counter flow  
and p a r a lle l  flow  heat exchangers under the tra n sien t  
conditions* They used the Ingenious device o f  changing 
the boundary co n d itio n s by the rotary valves so th at  
a lte r in g  connections a t the boundary o f the hydraulic  
analogue network could  be made in  a predetermined way*
They in ser ted  a tem plate in to  the capacitor tube fo r  the 
v a r ia tio n  o f the s p e c if ic  h eatf and they changed the  
len g th  o f the c a p illa r y  tube fo r  the varia tion  o f thermal 
conductivity*
Coyle (1951) designed an a ir  analogue fo r  the  
heat tran sfer  through slabs* Khuth and Kumm (1956) 
developed a hydraulic analogue for  a p la te  heated 
aerodynamic a l ly  on the surface* They a l l  confined th e ir  
problems to  one dimension* The area o f the capacitor  
tube was varied  as a fu n ction  o f f lu id  le v e l  by In sertin g  
in to  the tube a shaped core to  take in to  account the 
v a r ia tio n  o f  thermal d if fu s iv l ty  with temperature* However, 
fo r  heat conductions through cy lind ers and spheres, i t  
would be necessary to  vary the flow  re s is ta n c es  as w e ll
8in  order to  sim ulate the v a r ia tio n  of thermal d if fu s iv ity .
The flow of hea t can be “ seen1* in  the hydraulic 
analogue computers. The basic p a r ts  are mentioned very 
c lev e rly  by Juhasz a s , ( i)  the sca le  as input and output, 
( i i )  the capacito r tubes as memory, ( i i i )  the c a p illa ry  
tubes as arithm etic u n i ts ,  and (iv ) the ro tary  valves 
as co n tro l.
Beading through the published papers on the subject 
of hydraulic analogue, some common aspects are*
(1) Very l i t t l e  d e ta i ls  were given on construction  
and design.
(2) Only w ater, s ilic o n e  o i l ,  and a i r ,  were used in  the 
hydraulic analogues while transform er o i l ,  v isco » s ta tic  
o i l ,  and motor o i l ,  were not se rio u sly  considered as 
good su b s titu te s .
(3) Most of the problems discussed were one dim ensional, 
and in  th is  case v a r ia tio n  of therm al p ro p ertie s  with 
temperature was not too d i f f ic u l t  to  accomodate.
(^) Most papers concentrated only on one p a r tic u la r  
problem, and the im pression was th a t  they were spec ia l 
purpose hydraulic analogues, while in  fa c t  w ith some 
basic u n its  of the  hydraulic analogue many simple y e t 
im portant problems could be tack led .
Much inform ation about the  p o te n tia li ty  and the  
working of the hydraulic analogue can be gained by 
c a re fu l reading of the published papers. I t  i s  worthwhile
9to  point out here th a t the g re a te s t m erit of hydraulic 
analogue i s  the specia l purpose one, which can he used 
to  in v estig a te  a p a r tic u la r  phenomenon to  a much g rea te r 
ex ten t using a se r ie s  of experiments with d if fe re n t 
con tro l schedules* The unique fe a tu re s  of long experimental 
time and v isu a l a c c e s s ib ili ty  to  the flow phenomenon 
in  the hydraulic analogue, must he u t i l iz e d  to  the f u l l  
fo r  i t s  successfu l applications# 
c* Outline of prelim inary work
The procedure to  explore the  p o te n t ia l i t ie s  of the 
hydraulic analogue seemed to  bet
(1) To try  out d if fe re n t o i l s  in  the hydraulic analogue.
(2) To t e s t  the basic u n its  o f the hydraulic analogue.
(3) To check the accuracy of r e s u l ts  w ith a simple 
problem whose so lu tions are av a ilab le .
0+) To apply the hydraulic analogue to  some tra n s ie n t 
heat conduction problems in  one dimension whose re su lts  
are s t i l l  unavailab le .
in  id ea l problem fo r  the comparison of accuracy i s  
an in su la ted  rod of uniform i n i t i a l  temperature heated 
up suddenly a t  one end to  an elevated  tem perature while 
the other end i s  kept a t  the i n i t i a l  temperature*
Allen and Severn solved the same problem with re laxa tion  
method using s ix  space In te rv a ls . They transformed the 
heat conduction equation « (X ,  in to
10
a fourth  order equation o f  e  (X - ^ k  *
using the re la tio n sh ip  o f  0  * *  ( y A ^  .ou o u
They compared th e ir  r e s u lt s  w ith  a number o f  exact 
so lu tio n s using the Fourier s e r ie s ,  and confirmed that  
th e ir  errors never exceeded +3# o f  the maximum 
temperature*
I t  was thought b est  to  so lve th is  problem using  
the hydraulic analogue w ith the same s ix  space in te r v a ls  
for  the comparison o f accuracy# Another experiment o f  
four space in te r v a ls  was a lso  carried  o u t | because i f  
the accuracy be reasonable, most o f  the problems 
in v estig a ted  could be based on the network o f four space 
in te rv a ls  w ith  fewer b a sic  components o f  the hydraulic 
analogue to  be used*
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1 • 2 A pplication of, the hydrau lic , analogue to  the 
in su la ted  rod problem
a* C entral and end storage arrangement fo r  the 
mass of element
In  the f i n i t e  d iffe rence  network, the in su la ted
rod has to  be divided up in to  a number o f equal elements
fo r convenience* The mass of each element i s  supposed
to  concentrate a t  the nodal point* The enthalpy (thermal
capacity) of the element a t  the nodal po in t i s  represented
in  the hydraulic analogue byg the quantity  of f lu id  in
the capacity  tube and i t s  branched la te n t  hea t tube* The
thermal conductiv ity  between the two ad jacent elements,
i s  sim ulated by the re s is ta n c e  to f lu id  flow o ff erred by
the c a p illa ry  tube, as the re sis tan ce  i s  the reverse
of conductance*
The id e a l lo ca tio n  to  concentrate the mass of the
element i s  obviously i t s  cen tre  but th e re  i s  no reason
not to  choose other lo c a tio n , provided the discrepancy
in  r e s u l t  i s  not s ig n ifican t*  The c e n tra l and end storage
■i
arrangements are as shown in  the f ig u re s , w ith n » l, n , 
and n+1 , as the nodal po in ts chosen. The f in i t e  d ifference
• • •
n~i n Yc* 1
i* <11-1 11 U«
cen tra l-s to rag e  end»storage
equations used in  the designs fo r  the  respective arrangements 
must be based on the loca tions of the nodal points*
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Both ce n tra l and end storage arrangements were 
t r ie d  out in  the experiments to  assess th e ir  merits*
The advantage of the end-storage arrangement i s  no t so 
obvious in  the in su la ted  rod and the in f in i te  p la te  
problems* But fo r  the ra d ia l hea t flow problems of in f in i te  
hollow cy linders and hollow spheres, the end-storage 
arrangement reduces g rea tly  the re sis tan ce  r a t io s  and 
the capacity  r a t io s  in  the design of the hydraulic 
analogue network*
b. Prelim inary arrangement of apparatus
To s ta r t  w ith very crude apparatus was used, see 
fig* 1 • Perspex tubes were used as capacitor tubes a t 
the nodal points* They were of §  inch i*d*, 1 inch o*d*, 
and of 18 inch height* A cork stopper was used to  seal 
the bottom of the capacito r tube* I t  also served as a 
connection fo r  the fix in g  of cap ac ito r tube onto the two 
p a ra l le l  aluminum bars of i  inch square and of k f t  leng th , 
supported a t  each end above the bench by two s lo tte d  
s te e l  angle p la te s . The capacito r tube could then be 
fixed  a t any p o s itio n  along the framework of the p a ra lle l 
bars* With small holes of i  inch diameter d r i l le d  through 
the capacitor tubes near the bottom end, g lass c a p illa ry  
tubes of 2 mm i*d* and & inch o.d* were glued onto them. 
using a Jo in t compound ca lled  “Aracdite*1*
A large g lass  b o ttle  (a sp ira to r)  with an opening 
a t  the top and another a t  the bottom was used as a
9T L - 1 t l TlH* 1 r t - Y Z T L -I r u T uH | TL+'Z
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re se rv o ir  b o t t le ,  sim ulating the “immense” source of 
heat requ ired  in  the shock heating problems* Due to  the 
la rg e  size  of the re se rv o ir  b o t t le ,  a constant height of 
f lu id  in  the b o ttle  could be assumed* The g lass c a p illa ry  
tube connected to  the re se rv o ir b o t t le  was closed by a 
th ick  wire a t the end, and the th ick  wire could be pu lled  
out of the opening a t  the  commencement of the experiment* 
The r is e  of f lu id  le v e l in  the capacito r tube was 
recorded by measuring i t  with a ru le ,  and the corresponding 
time was taken using a stop clock* For the shock heating 
of in su la ted  ro d , four space in te rv a ls  with end-storage 
arrangement were used, see fig* 1 • The l a s t  capacito r 
tube was of short leng th  and of open end. I t s  height 
represented the i n i t i a l  f lu id  le v e l of a l l  the capacito r 
tubes in  the hydraulic analogue network*
I t  was found th a t the water and keroslne were not 
viscous enough, and Talpa o i l s  of SAE 30 and SAE 20 were 
too viscous* While one type gave too short an experimental 
time fo r  the proper measurements of the f lu id  le v e ls ,  the 
o ther type gave too long an experimental time impossible 
fo r  the p ra c tic a l  use* Soluble o i l  and water mixtures 
did not mix w e ll, and th e ir  in co n sis ten t behaviour varied 
from the charac te r of water to  th a t  of greasy flu id*
A fter many t r i a l s ,  the transform er o i l  was found to  be 
su ita b le  giving an experimental time of about h a lf  an hour. 
The many defects re a liz e d  through th is  I n i t i a l
apparatus were as follows*
(1) The cap ac ito r tubes were not r ig id ly  secured onto 
the p a ra lle l  bar framework which was the foundation
of the hydraulic analogue,
(2) The jo in t  compound “A racdite11 could no t prevent 
the f lu id  leakage through tin y  cracks a t  the jo in ts ,
(3) The g lass c a p illa ry  tubes were too easy to  break 
and stronger tubes should be used,
00  The constan t le v e l in  the re se rv o ir b o t t le  could 
not be properly maintained*
(5) The i n i t i a l  f lu id  le v e ls  in  a l l  the capacito r tubes 
should be the same* As th e re  was no means of d ra in ing , 
the s l ig h te s t  shake in  adding f lu id  in to  the capacitor „ 
tubes might cause uneven i n i t i a l  f lu id  le v e ls ,
(6) B etter valve arrangement between the re se rv o ir , and 
the network of c a p illa ry /c a p a c ito r  tubes was necessary*
(7) The re se rv o ir  b o ttle  was placed v ir tu a l ly  a t the 
same lev e l as the capacito r tubes, and the maximum 
v aria tio n  of f lu id  le v e l possib le  was only about 10 inches. 
Very ca refu l measurements of f lu id  le v e ls  were demanded 
which was not p rac tica l*
(8) The recording by measuring manually a l l  the f lu id  
le v e ls , was too streneous* The camera recording seemed 
to  be a b e t te r  arrangement*
With so many fa u lts  on the p a rt of the i n i t i a l
apparatus, the r e s u l ts  obtained s t i l l  checked roughly
with the re la x a tio n  method r e s u l t s .  The modified and
improved apparatus was based on the experience gained
through th is  i n i t i a l  e n te rp rise ,
c . F inal design of the apparatus
i* B ra s s .J l t t in g  fo r  the connections... of capacito r and 
ca p illa ry  tubes
I t  was obvious then th a t metal u n its  must be used 
to  hold the Perspex tubes up righ t and firm , on the 
p a ra lle l  b a rs . The metal u n it  must have connections on 
each side of i t s  square shape so th a t two dimensional 
problems could be tackled i f  requ ired , see f ig ,  2 and 
f ig ,  3 ,  The connections a t the side could take & inch 
o ,d , c a p illa ry  tubes, and w ith an *0“ ring  of o i l  
re s is tin g  rubber a t  the end of the c a p illa ry  tube a 
leak*proof jo in t  could be made. The “0B ring  would hold 
t ig h tly  onto the c a p illa ry  tube being squeezed by the 
connecting screw in  the female recess on the side of 
the brass f i t t i n g .  Brass c a p illa ry  tubes were used because 
they were of reasonable p r ic e , and they were s lig h tly  
f le x ib le  so th a t in  the case of poor alignment of one 
brass f i t t in g  to  another, they could s t i l l  make good 
connections.
The top end bore of the brass f i t t in g  was to  hold 
the Perspex tu b e , and the s im ila r connection was used 
with “0tt rin g  and hexagon nut screwing device* A screw
( continued p , 19)
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The brass f i t t in g  has a recess a t the top to hold 
the Perspex capacito r tube. C ap illary  tubes are joined 
to  the brass f i t t i n g  through the connection plugs. Plugs 
w ith no holes can be used to block the openings i f  required . 
The shaft a t the bottom of the b rass f i t t in g  with a 
concen trical passage through i t ,  i s  used fo r draining 
o i l  and also fo r  securing the u n it firm ly onto the 
p a ra l le l  bar framework fo r assembly.
FICt 3
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threaded sh a ft a t  the bottom of the brass f i t t i n g ,  was 
d r i l le d  through with a concentric passage fo r  the draining 
of f lu id  in  the  capacito r tube* By tigh ten ing  a nut 
on the sh a f t ,  the  brass f i t t i n g  was brought to  bear 
securely on the p a ra l le l  bar framework. Brass was used 
because i t  was ea s ie r  to  machine, and i t  was not ea s ily  
contaminated by o i l s ,  
i i*  Reservoir b o ttle
To increase  the rang© of f lu id  le v e l v a r ia tio n  
fo r more accurate measurements, the re se rv o ir  b o ttle  
must be placed a t  a much higher le v e l than the capacitor 
tubes. To do t h i s ,  a copper tube of f  inch i , d ,  and 
of short len g th  was in se rted  in to  the rubber stopper 
a t  the bottom opening of the re se rv o ir b o t t le ,  see f ig ,  k • 
A long f le x ib le  p la s tic  connecting tube of § inch i , d ,  
and of ^ f t  long was used between the re se rv o ir  b o ttle  
and the valve fixed  on the p a ra l le l  bars.
The valve was of the socket type commonly used 
in  the lab o ra to ry , and i t  could be opened fu l ly  almost 
instantaneously* The valve le d  to  a “ storage chamber* 
served as the connection to  the f i r s t  len g th  of ca p illa ry  
tube in  the hydraulic analogue network. The valve and 
the p la s t ic  connecting tubes were of la rg e  size  compared 
with the c a p illa ry  tubes, and the lo sses  through them 
could be considered as n e g lig ib le ,
(continued p , 21)
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A funnel w ith o i l  i s  used to  feed the re se rv o ir 
b o ttle  and the ra te  of o i l  flow i s  adjusted by a c lip  
such th a t there i s  always excess o i l  conducted away 
during the experiment through a L-shape copper tube to 
a measuring cy linder shown. This device m aintains the 
constant o il  lev e l required in  the re se rv o ir b o tt le . 
The socket valve gives instantaneous opening demanded 
fo r shock heating problems. The “ storage chamber** i s  
the s ta r tin g  point fo r  the o i l  flow to  the c a p illa ry -  
capacito r tubes network of an in f in i te  hollow cy linder 
problem in  th is  case . The height of the l a s t  Perspex 
tube i s  the i n i t i a l  o i l  lev e ls  in  a l l  the capacito r 
tubes before the experiment.
FICr4
2 1
The constant head device was realised, fcy using 
a £ inch i . d .  copper tube of I» shape with one end placed 
v e r tic a lly  in s id e  the re se rv o ir bo ttle*  The o ther end 
passed through the rubber stopper a t  the bottom opening 
of the re se rv o ir b o ttle  fo r  drain ing  excess f lu id  above 
the height of the  o ther limb of the copper tube* A 
g lass  funnel supported by a r e to r t  stand kept feeding 
the rese rv o ir b o t t le  a t a desired  ra te  adjusted by a 
clip* The se ttin g  of the c lip  during the experiment 
should be such th a t  adequate supply of f lu id  was provided 
to  m aintain the constant le v e l w ith a s lig h t excess 
quantity  to  be drained through the overflow* The re se rv o ir 
b o ttle  was placed on a stand made from s lo tte d  s te e l  
angle p la te s . A ll the requirements on the re se rv o ir  
b o ttle  were then f u l f i l l e d ,  
i i i *  Recording Instrument
I t  was very d i f f ic u l t  to  g e t a good camera with 
s e l f  rewinding device fo r a to ta l  of photos required  
in  one experiment. A Kodak 16 mm movie camera was used, 
and one magazine of 50 f t  of film  could take about **00 
photos. Although i t  was not p ossib le  to  take sing le  
photos without expensive a l te ra tio n s  to  the movie camera, 
a shot of *+ or 5 photos a t  a time was of no economic 
problem. The film  could be p ro jec ted  onto a screen fo r 
the measurement of f lu id  le v e ls  in  d iffe re n t capacito r 
tu b es.
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A 500 w att lamp was used fo r  l ig h tin g , and the 
movie camera was placed 8 f t  from the apparatus on a 
trip o d  so th a t  the complete hydraulic analogue was in  
view* A clock was placed under the re se rv o ir b o t t le ,  
and immediately a f te r  the valve was opened, the clock 
was started* The f lu id  le v e l v a r ia tio n  a t the beginning 
of the experiment was rap id , and the movie camera was 
operated a t  sho rt time in te rv a ls  of about £ or £  minute. 
Later on in  the experiment, longer time in te rv a ls  were 
used, as the f lu id  le v e l r is in g  was slowed down.
I t  was thought a t f i r s t  to  put a scale by the side 
of each capac ito r tube, but th i s  idea  had to  be abandoned 
as the scale was not d is t in c t  enough fo r reading a f te r  
the p ro jec tion  of the film  onto the screen* The b es t 
so lu tion  was there fo re  to  use a screen with l in e s  drawn 
p a ra lle l  a t  0 .1  inch distance a p a r t. The f lu id  lev e l 
in  the re se rv o ir b o tt le  and the i n i t i a l  f lu id  lev e l 
in  the capacito r tubes were taken fo r each photo p ro jec ted , 
together w ith a l l  the capacito r tube f lu id  le v e l readings*
worked out. In  the case of in su la ted  rod problem,
6^. was the elevated  tem perature, ©o was the i n i t i a l  
tem perature, and Q was the temperature of the 
interm ediate po in t along the rod.
With th is  g rea tly  improved apparatus, many one
The percentage temperature r i s e was easily
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dimensional problems could be solved. The f lu id  used 
was the transform er o i l  as i t  was proved to  be sa tis fa c to ry  
in  the prelim inary work. The v a r ia tio n  of v isc o s ity  
of any o i l  was n e g lig ib le  with room temperature v a r ia tio n  
of 2 or 3 °F • In any case as a p recau tion , c a lib ra tio n  
of one c a p illa ry  tube was c a rr ie d  out fo r  each experiment 
which la s te d  only about h a lf  an hour. The e f fe c t  of 
v isco s ity  v a r ia tio n  was a lto g e th e r elim inated in  the 
hydraulic analogue experiments#
iv# Relationship between f lu id  flow and heat flow time 
Let S be the area of the cap ac ito r tube, F be the 
f lu id  conductance of the c a p illa ry  tube, and H be the 
f lu id  le v e l ,  then a t  a p a r tic u la r  time in te rv a l , 
the f lu id  flow equation a t  the nodal po in t *n* fo r  the 
one dimensional problem i s ,  
ne t inflow to  the capacito r tube a t  poin t "a*
* a S t f
R v - , (n
Hn
Fu,vi+i
u - i u
T 
i
i (
"Utf
2k
In the in su la ted  rod problem, a l l  S and F values
are tbe same so the  su ffices  can be dropped.
Rearranging the equation,
S
l i t-  2H* „ * f r§ k  « O (1)
b &
The heat conduction equation i s  t
and in  f in i t e  d iffe rence  form,
€5v»-i 4> ©'■i. + S » 2Gn. ~~ SB o  (2)
t>*K. i s  the heat flow time in te rv a l .  I f  i s  to  represent 
£©, then the c o e ff ic ie n ts  of equations (1) and (2)
| <r CSx) ^  i
must be equal, i ®  o T ^ t^
Let L be the len g th  of in su la ted  rod and p be the
space in te rv a ls  chosen, then pS% « L , and 
f t ,  s s - i i i  * ■ JLLl/L.1 \ JL° k (^.] ~  ~ PM -oT/S
I t  i s  most convenient to  put the  time scale on the 
base o f  1 , then c t^  * “J* (3)
For the in su la ted  rod problem, hydraulic analogue 
experiments of and 6 space in te rv a ls  with end storage 
arrangement were c a rr ie d  ou t. As |  inch i , d .  Perspex 
tubes were used fo r capacitor tubes, S » 0,Mf2 in  •
F could be found by a c a lib ra tio n  t e s t .  The slope of 
the  graph of Q inVmin against f lu id  head d iffe rence  H 
in  inches across the chosen c a p illa ry  tube was the 
value F, For general use, graphs were p lo tted  with 
in  percentage against time t kminute based
\  © i *  C7© J
2 5
2 1 ^ 1  on 1  e  i  ,  I f  in  a p a r ticu la r  problem J=.= t  $ot
remembering th a t  L2 ( in 2) and <x (ln2/a in )  , then 
the time sca le  of the graphs would simply he m ultip lied  
by § to  give the  tru e  heat flow time in  minutes*
R elaxation  was also  c a r r ie d  out fo r  the in su la ted  
problem using b and 8 space in terv a ls*  The reason 
to  compare the  re lax a tio n  r e s u lt s  with th a t of hydraulic 
analogue, was th a t  in  l a t e r  work on .sudden heating 
w ithin th ick  cy lin d ers  re la x a tio n  could be used as 
a check* M ebaaim 's f i n i t e  d iffer en ce  equation  was 
used in  the  re la x a tio n  computation* The equation  
i s  s tab le  fo r  la r g e  time in te rv a ls  to  be used in  the 
computation, and there  i s  no need to  transform  the 
equation in to  the %th order d iffe ren tia l, equation 
cu tting  down a good amount of work*
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1*3 A pplication of re lax a tio n  method to  the so lu tion
of in su la ted  rod -problem
a . F in ite  d iffe rence  methods
numerical methods have heen developed in  recent 
years to  he a powerful too l in  the so lu tions of p a r tia l  
d if fe re n t ia l  equations* Various f in i t e  d iffe rence  equations
Otcan replace the heat conduction equation ^ ,
where 0 i s  the temperature and & i s  the thermal d if fu s iv ity . 
St  and Sx  are  the time and space increm ents, with m 
and n the number of increments in  the time and space axes*
%> ~ •n.St- 
•t =• TU St
i i
-.....1.... __ _i .. m(
■VL-l/Vtt. ^/Vtv
i
VH^'Vn.
n w - i
oo
Applying Taylor*s se rie s  to  the time ax is ,
St%ld%
u,tn-  ^■ V
e ^ ~ 6 t m  + M i l \  - i l W j  +
Rearranging (H) and (5) »
(Ofti-Qm-iki- +
S-t
i m  *
(<^ 8 \ B
0 (it) —
,6m•» i ~ Q m)n ** q  £  £■£_)
— 0*)
-  (5)
(6)
<7)
Subtracting (5) from ( t)  ,
mtt ‘8 * O(fit) t. (8)
2 (fit)
Sim ilarly, by applying Taylor*s ser ies to the space a x is ,
2 ?
By adding (9) and (10) ,
1§ L =  +  e - '  • « 4 . * c w ‘  ( i i )
i* Richardson1s method
S ubstitu ting  (8) and (11) to  the hea t conduction 
equation of § t= X - ~ f v  »
-o(rt)‘ = + e„_, . 2 8 ^  + ° ( u ?  <1 2 )
However| th is  f i n i t e  d iffe rence  equation was 
shown by 0*Brien §& to  be completely unstable 
fo r  a l l  choices of i t  and St (>o). A s tab le  f in i t e  
d iffe rence  equation has the c h a ra c te r is t ic s  th a t  a 
round o ff  e rro r decreases ra th e r in c reases , as the 
numerical computation proceeds*
The generally  successful f i n i t e  d ifference equations 
fo r  the parabolic p a r t ia l  d if f e re n t ia l  equations 
are as follows* 
i i*  Schm idts method
Using (7) ,  (11) * -  o u t )  (13)\C5 *- ^"t
Using (11), ( -§ 4  o t t t f  (3 »
{S'X.)2-
S ubstitu tin g  (13) and ( l1*) in to  the heat conduction 
equation of -§£- « ,
6—* - § -^4. ,+Qn,^ +ofdt)+o(c5^  (15)
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The value of ®n,mat the end of a time in te rv a l 
depends only on the known values o f ® a t  the beginning 
of the  in te rv a lf  see fig u re  • Equation (1?) i s  s ta b le  
i f  ,  The cumulative tru n ca tio n  e rro rs
fo r ® are °Wt) g^ id o(%k) „ 
i i i .  Liebmann1 s. ...method
S ubstitu tin g  (6) and (11) in to  heat conduction equation
- < v i &ot -  (X ^  y
(@nn * ©«-» -*29^)^. SS ^  -e^^O C ^t)- 0{U)
Rearranging,
e, I£a(ct)
i a U 4-I
m.
m—i
can only be found by sim ultaneously solving 
equations sim ilar to  (16) fo r  a l l  po in ts  of n, , see 
f ig u re . This can be achieved by the re la x a tio n  process.
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Equation (16) i s  s tab le  fo r a l l  values of a (st) and
£ t can be mad© as la rg e  as desired  and the  trunca tion
,2e rro rs  are o(S-t) ando(Sx) #
iv* Crank and flicolson*s method
From (8) |  -  o(st)*
\ dZ s t
NOV, ( i f - , )
' /n,
From (11),
(17)
/ m  + ( £ 6 )  1
\  \"5XV
(6
(®X) 3 (s*p (18)
S ubstitu ting  (17) and (18) in to  the heat conduction
le
f tequation of
"cB
» +(Stf e j ■* o(st)-o(kf (19)
Equation (19) must be solved by re laxation*  The
ociSt) j and theequation i s  s tab le  fo r  a l l  values of
trunca tion  e rro rs  are o ($ t)2 and o(Sx)2 .  The trunca tion
P 2erro r o (o t) can be improved by Richardson*s h ~
ex trapo la tion  procedure*
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d. Relaxation computation using Liefcaam* s method
To carry  out the re la x a tio n , Liebmann* s f i n i t e  
d iffe rence equation was used as i t  was e a s ie r  to  handle* 
From Biebmam^s equation (16) and le t t in g  G ,
a ( * ♦ £ )  * R 
R (residue) « + 8n-t •  (z + ~^8nj + -^ Q n,m-t (20)
Values of G and St can he a r b i t r a r i ly  chosen*
But th ere  i s  an optimum choice fo r  th e  r a t io  of|^-j fo r  
a requ ired  accuracy in  computation. G i s  usually  fix ed  
by a p a r tic u la r  problem. S t should be as la rge  as p ossib le  
and i t  i s  only lim ited  by the accuracy desired  by a 
p a r tic u la r  problem*
For the  shock heating  of in su la ted  rod , re lax a tio n  
computations were c a rr ie d  out w ith fou r and e igh t space 
in te rv a ls ,  using G « b-.85 and a constan t time in te rv a l 
St ss O.H85 min * To ensure th a t these  values were su ita b le , 
a check was c a rr ie d  out with G a k ,  8$ bu t w ith St = 0.2b25* 
The re s u l ts  of both agreed w e ll, so th a t  the chosen 
values were s a tis fa c to ry . The residue  equation (20) 
fo r  St » OA85 min was R * (©**, +e«-, -  lze«)m+ ,0 ©«..***-» 
and the re la x a tio n  p a tte rn  a t  p o in t n was
[ |
•+» --------  -  t z  --------  +i
Y l ~ t  M. - Y U + t
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With 8 space in te rv a ls  and = O.M55 min , 
d if fe re n t values of G of 1*21, 2*^3 and **,85 min were 
used in  re la x a tio n  to  assess th e i r  in fluence on accuracy*
I t  was also  found th a t  b e tte r  accuracy with le s s  computation 
could be achieved by varying the  time in te rv a l used 
in  steps of 0 .12 , 0 .2h , 0 .^6 , 0 .97 , 1.91*-* and 3.88 min •
The p rincip le  was to  use sho rt time in te rv a ls  a t  the
0
beginning when the temperature r i s e  was la rg e , and to  
use longer time in te rv a ls  when the  temperature r i s e  
was small towards the end.
To c o rre la te  and compare the re lax a tio n  r e s u l ts  
w ith d iffe ren t values of G, St , and space in te rv a ls ,  
i t  was necessary to  compare the re sid u a l equations used . ’
For the tem peratures to  correspond each o ther in  
the two cases, the c o e ff ic ie n ts  of the  residue equations
of space in te rv a ls  of the In su la ted  rod , then pSx~ L , 
where L i s  the leng th  of in su la ted  rod. In  the most
vT V*|should be the same, i . e .  * Let p be the number
general cases,
P.hx, (21)
I t  was found most convenient to  convert the  time
i *sca les in  d ifferent computations to the base of = 1 .
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/ 1I f  su ff ix  1 denoted the re fe rred  d a ta s , then -™~ = 1 •
All the re fe rred  time in te rv a ls , pu tting  p , « pz ,
^ ,ss -ri ^  — # where su ff ix  2 denoted the
*>« P/G,
ac tu a l values used in  re lax a tio n  computations* Accuracies
of computations fo r  the in su la ted  rod problem re a lly
depended on the re fe rre d  time in te rv a ls  used* For general
u se , graphs were p lo tte d  with (*■§-%•) in  percentage\ ©*•”©©/
i 1ag a in s t time in  minutes based on s  1 f see f ig .  6 •
c* Comparisons and discussions of re su lts
Two experiments were c a rr ie d  out w ith end storage 
arrangement fo r  the in su la ted  rod problem w ith and 6 
space in te rv a ls*  As mentioned previously , Perspex tubes 
of f  inch l.d *  and 1 inch o.d* were used fo r  the capacito r 
tubes* For the  experiment of 6 space In te rv a ls , re sis tan ce  
tubes were of s ta in le s s  s te e l  of 2 mm i*d* and of leng th  
3 inches* For the  experiment of h space in te rv a ls ,  
re s is tan ce  tubes were of s ta in le s s  s te e l of 2 mm i*d* 
and of leng th  6 inches* Transformer o i l  was used as 
analogue f lu id  In  both cases*
The experim ental r e s u l ts  were p lo tted  to  graphs 
of tem perature r is e  in  percentage aga inst time t
in  minutes based onJs*» 1 » The experimental re su lts<x
of 6 space in te rv a ls  were compared with those of Allen 
and Severn, and the maximum discrepancy never exceeded
(continued p*35)
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±  2% as shown In  fig*  5 * ^he experimental r e s u l ts  of 
k space in te rv a ls  were compared w ith those of re la x a tio n  
computations and again nowhere discrepancy exceeded ±  2% , 
see f ig .  6 « The experimental r e s u l t s  o f b and 6 space 
in te rv a ls  a t  the m id-length of in su la ted  rod were also 
compared, arid the  maximum discrepancy was w ith in  & 2% 
as shown in  f i g .  5 .
From th is  s e r ie s  o f comparisons, some im portant 
conclusions about the hydraulic analogue were derived 
as follows* ( i )  the end storage arrangement in  design 
was e n tire ly  s a t is fa c to ry , ( i i )  hydraulic analogue re su lts  
never had e rro rs  exceeding *t 2% , and most of the 
d iscrepancies were w ell w ithin  ± 1  % f ( i l l )  four space 
in te rv a ls  were good enough fo r  one dimensional problems, 
saving mUG^  c a lc u la tio n  and requ iring  fewer
m etal components fo r  the hydraulic analogue network,
(iv ) the c a p illa ry  tubes used were w ith in  the  manufacturing 
to le ran ce , as they were tru s te d  of 2 mm i*d* throughout 
the len g th s , and (v) the v a r ia tio n  of v iseo s ity  of 
transform er o i l  was n eg lig ib le  during experiments*
These were valuable conclusions fo r  the fu r th e r  app lica tions 
of hydraulic analogue*
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l A  C a lib ra tio n  of c a p illa ry  tubes
In  th e  hydraulic analogue experiments o f in su la ted  
rod problem c a lib ra tio n  t e s t s  were c a rr ie d  out immediately 
afterw ards, on one of the  c a p illa ry  tube used in  the 
network* The constant head c a lib ra tio n  method was used 
by c o lle c tin g  a quan tity  o f f lu id  through the c a p illa ry  
tube in  a su ita b le  time in te rv a l a t  constan t head H , 
see fig* 7 ( i)»  However the varying e f fe c tiv e  head 
c a lib ra tio n  method could a lso  be used by measuring the 
e ffec tiv e  head h across the c a p illa ry  tube a t  d if fe re n t  
time in te rv a ls ,  see fig*  7 ( i l l )  |  but i t  was a laborious 
method* The momentum lo sse s  of f lu id  flow were due to  
the f lu id  ac ce le ra tio n  and d ece le ra tio n , the surface 
tension  e f f e c t ,  the en try  and e x it  lo s se s  of the c a p illa ry  
tubes, the w all f r ic t io n  and the g ra v ita tio n a l e f fe c t  
to  the movement of f lu id  le v e ls  in  the capac ito r tubes*
The momentum lo sse s  should be very small l a  comparison 
with the e f fe c tiv e  heads to  cause f lu id  flow , but th e i r  
e ffe c ts  on accuracy of r e s u l t s  must be investigated*
During the  experiment the f lu id  le v e ls  in  the cap ac ito r 
tubes ad jacent to  the c a p il la ry  tube connecting them 
were both vary ing , but in  c a lib ra tio n  the f lu id  le v e l 
was kept constant* The conductance F of the c a p illa ry  
tube derived from constan t head c a lib ra tio n  method was 
compared w ith th a t of varying e ffe c tiv e  head c a lib ra tio n
(continued p*38)
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method which was more s im ila r to  the f lu id  flow in  the 
experiment* As transform er o i l  and v is c o -s ta t ic  o i l  
gave a reasonable experimental time in  one dimensional 
problems, they were adopted fo r  a se r ie s  of t e s t s  on 
the c a l ib ra tio n  of a number of c a p illa ry  tubes of d if fe re n t  
leng ths su ita b le  fo r use in  fu tu re  experiments* She 
e f fe c ts  on the  momentum lo sse s  due to  d if fe re n t e f fe c tiv e  
head d iffe re n c e , d if fe re n t constant head d iffe ren ce , 
d if fe re n t leng th s of c a p illa ry  tubes, and d if fe re n t 
analogue f lu id s ,  could then be ascertained* For the 
success o f hydraulic analogue experim ents, the momentum 
lo sses  must be kept to  a minimum*
The c a lib ra tio n  of a c a p illa ry  tube re a l ly  c o n s is ts  
of two purposes namely to  fin d  the conductance F and 
to  fin d  i t s  equivalent leng th  to  a reference c a p illa ry  
tube.
a . Theory , of viscous..flow  An j^jr.ciq a r  p ipe
i* S ta tic  or constant head method
In  th i s  method see fig* 7 (1 ), the f lu id  head above 
the h o rizo n ta l c a p illa ry  tube te s te d  I s  kept constan t.
At a convenient f lu id  head H, the reference ca p illa ry  
tube of len g th  £ ,4  i s  f i r s t  te s te d  to  f in d  the corresponding 
volum etric r a te  of f lu id  flow < 3 ^  *
From P o ise u ille* s  equation fo r  viscous flow  in  p ipe, 
mean v e lo c ity  v * n a i l  (22)
-2T
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where P and % are. the density  and v isc o s ity  of analogue
f lu id ; d and & are the i.d *  and length  of c a p illa ry  tube*
By d e f in i t io n , J  = F z  II
F .  -§• = (23)
H 3 2 7 JL I 2 8 - £ . 1  5
F can e a s ily  be found from graph of Q aga in st H •
To f in d  the equivalent leng th  £  of a c a p illa ry  
tube, i t  i s  necessary to  use the  same analogue f lu id  
a t  the same temperature and also  the same constant 
head E •
Then from eq* (22) , ~ "“q ~ ^
Suppose th a t  the reference tube of 28g i s  measured, to
be 3#5 inches# Due to  to lerances allowed in  the
manufacturing process, two o ther ?.8g tubes of 3*5 i&eh
leng th  may not give the same flow ra te  Q te s te d  under
sim ila r conditions* They may be of equ ivalen t lengths
of 3**f and 3*53 re sp ec tiv e ly  based on the reference tube*
i i .  Dynamic. or varying ef.fec,t,lVg-Jma,lJa.ethM
l e t  E be the  d ifference in  f lu id  le v e ls  and S be
tlie areas of the capacito r tubes connected by the
c a p illa ry  tube under test*  E eferring  to  fig*  7 ( i l l ) ,
dk
dh-r elH + |id H  ,  and + V j “
p 9  ^d l
By co n tin u ity , -S. » a v d t  , and V  «
where a , £ ,  and v are the a rea , len g th , and v e lo c ity  
of the  c a p illa ry  tube*
ko
As the  two capacito r tubes used are of the same
where t  i s  the  time in te rv a l fo r  the d iffe rence  in  le v e ls  
to  change from i n i t i a l  value H; to  f in a l  value H* #
To fin d  the  conductance F of the c a p illa ry  tube, 
re fe rr in g  to  eq. (23) and rearranging eq* (2**),
The equ ivalen t length  JL can be found by the  re la t io n ,
the  working range are chosen and c a p illa ry  tubes are 
c a lib ra te d  ag a in s t the reference tube, using the same 
analogue f lu id  a t  a p a r tic u la r  temperature*
The d i f f ic u l ty  in  th is  method i s  th a t  both f lu id  
le v e ls  in  the two capacito r tubes had to  be measured*
I t  i s  only p o ssib le  to  read the f lu id  le v e l in  each 
cap ac ito r tube a lte rn a tiv e ly  say every minute* By 
p lo ttin g  the f lu id  le v e ls  aga in st time in te rv a ls  fo r  
both tubes, i t  i s  possib le to  read from the graphs the 
f lu id  le v e ls  in  both tubes a t  the  same time in te rv a ls  
requ ired , from the commencement of the te s t*  This te s t  
i s  good because i t  takes in to  account fu l ly  the dynamic
diam eter D, then Si » Sa. » S e -^ r  ,
(2k)
, i f  su ita b le  H; and comprising
h i
e f fe c t  of f lu id  flow in  the hydraulic analogue# 
i i i *  Seal-dynamic or f a ll in g  head method
This i s  a very convenient method fo r  the c a lib ra tio n  
of c a p illa ry  tubes because only timing fo r  the  f a l l  
of f lu id  le v e l  b e t w e e n  H, to  i s  req u ired , and most 
of the dynamic e f fe c t  of f lu id  flow i s  taken in to  account# 
R eferring to  fig*  7 ( i i ) ,
\T  a  d t  as -  S elH
where S and a are  the areas of the capac ito r and 
c a p illa ry  tubes respectively*
To f in d  the  conductance F of the c a p illa ry  tube, 
re fe r r in g  to  eq. (23) and rearranging eq* (25) ,
F -  Jr ^ r
To f in d  the equivalen t leng th  of the c a p illa ry  tube, 
i t  i s  b e s t to  keep the  r a t io  "h^  constan t covering the 
working range, and to  c a lib ra te  c a p illa ry  tubes ag a in s t 
a re ference  tube using the same analogue f lu id  a t  a 
su ita b le  temperature# ^
Then I  •  JLh+ *
This method was adopted fo r the c a lib ra tio n  of 
c a p illa ry  tubes and v a ria b le  r e s is to r s  in  the P a rt I I  
work#
k 2
b* S ta tic  and. dynamic methods of c a lib ra tio n
Brass c a p illa ry  tubes of 2 mm t . d .  and of lengths 
1*95* 2,98* 6*0 f and 7*9 inches ver® te s te d  w ith
transform er o i l  and v ise © -sta tic  o il*  This range of 
c a p illa ry  tube lengths was most l ik e ly  to  be used in  a 
v a rie ty  of hydraulic analogue problems* The kinematic 
v isc o s ity  p^* of the. analogue f lu id  was worked out using 
the r e s u l ts  of each c a p illa ry  tube te s te d  under d if fe re n t 
co n d itio n s . This was the b est method because d iscrepancies 
in  values of kinematic v is c o s it ie s  worked out would be 
a measure o f e f fe c ts  of the f lu id  le v e ls , the uniform ity 
of c a p il la ry  tubes* the momentum lo sses  of flow, and 
the small f lu c tu a tio n s  of room tem perature, on the viscous 
re s is ta n c e s  of the c a p illa ry  tubes*
1* S ta tic  method
In  th i s  t e s t  the re se rv o ir  b o ttle  was placed a t 
d if fe re n t  h e ig h ts  above the c a p illa ry  tubes which were 
connec ted  h o rizo n ta lly  one a t  a time to  the  * storage 
chamber un it*  on the p a ra l le l  bars framework fo r  te s t in g .
A f a i r  quan tity  of f lu id  was co llec ted  w ith d iffe re n t 
hydraulic heads held constan t during t e s t s  fo r  each 
c a p illa ry  tu b e , and the time in te rv a ls  taken were noted 
with a stop  watch. The r e s u l ts  were p lo tte d  in  fig* 8 
w ith e f fe c tiv e  hydraulic heads B inches aga inst volum etric 
ra te  of flow Q inV see  .
(continued p.M*)
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v is c o -  s t a t i c  o i l  (s s -S ° f)
(0 IA5-
ct) 2-98
(3) 4 7 4 - INCH&S OFZMM BRASS TUBES
(4) 6-0
(5) 7-A >
F L U I D  F L O W  Q  C .U & E C  *  IQ 6 
T R A N S F O R M E R  O I L  (5  6 ° F )
l-Z: —
lo  14-
F L U I D  F L O W  Q, C U S E C  X 10*
FI $ 2 >
l i k
Using eq. (2 3 ) , ^  f t 2/s e c
where was -fan'f’ , the slope o f the graph in  f i g .  8 ,
and A was the corresponding len g th  of c a p illa ry  tube 
in  inches.
Using f i g .  8 |  the  following r e s u l ts  were tab u la ted .
L I.9S- 2 '9 8 4 -7 4 - 6  '0 7.<?
I s l
f> Site
1 |.<}X to”3
■5
2-0 XlO
-3
t - g t x t o {•$ X ! 0 3
-3
t . e x t o
2 3 6 9 X 1 0 * 4-32 X 10*
-4
4-25X1 0 4-2  X IQ** 4 - 2 7 X1 0 *
o1* v is c o -s ta t ic  o i l  a t  55.5 F 
2,  transform er o i l  a t  5o F
i i .  Dynamic method
Two cap ac ito r tubes were connected by the c a p illa ry
tube under te s t*  The f lu id  flow through the c a p illa ry
tube was accompanied by the drop of f lu id  le v e l in  one
cap ac ito r tube and the r is e  of f lu id  le v e l in  the adjacent
cap ac ito r tube* This was s im ila r to  the ac tu a l f lu id
flow  phenomenon in  the hydraulic analogue experim ents.
As the f lu id  le v e ls  in  both capacito r tubes were
req u ired , the recording by measurement w ith a ru le  was
c a rr ie d  out a t  10 seconds in te rv a ls  a lte rn a tiv e ly  on
the  two capac ito r tubes, immediately a f te r  f i l l i n g  up
one cap ac ito r tube to  i n i t i a t e  the  f lu id  flow in to  the
o ther capacito r tube. The t e s t  requ ired  streneous e f fo r t
but i t  was a more accurate method*
(continued p*^6)
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With the t e s t  r e s u l ts ,  graphs of time t  in  minutes 
ag a in s t were p lo tted  fo r  the  c a p illa ry  tubes
in  fig*  9 * Using eq, (2^),
= U W  l
Was -fcvnf , the slope of graph in  f ig ,  9 »
P
where
and JL was the corresponding len g th  of c a p illa ry  tube, 
Using f ig ,  9 * the  following r e s u l ts  were tab u la ted .
JL A^VVoIvjS>4 H 5 2 - 9 8 4 . 7  4- 6-0 T<?
2 L M l
p SJiC
1 2. 0X10"* >•9 X io"3 -3 z o x  to IT  XI O’ * I.9X t o  *
2 3-4-X . 0 * 3-5 X i O *
- 4. 
3 .6X10 -4-3 .6  X to
- 4.
3 * 6X 10
» o1 , v is c o -s ta t ic  o i l  a t  56.5 F 
2* transform er o i l  a t  60°F
i i i .  Comments on the te s tin g  of c a p illa ry  tubes
The good s tra ig h t  l in e s  in  the graphs of H aga inst
Q , in  f ig .  8 ) and the graphs of t  against , in
f i g .  9 t and the  good agreements of kinematic v is c o s i t ie s
JL  tab u la ted , gave the follow ing conclusions?
P
1 , The flow in  a l l  c a p illa ry  tubes were lam inar, and 
the range of tube leng th  from 1 ,5  to  8 inches could be 
used with analogue f lu id s  of v is c o s it ie s  not le s s  than 
th a t  of the transform er o i l  fo r  sa tis fa c to ry  re s u l ts ,
2 , The v a r ia tio n s  of hydraulic heads a t the ends of the
c a p illa ry  tubes did  not in fluence s ig n if ic a n tly  the 
momentum lo sses  of flow through the c a p illa ry  tubes,
k ?
3* T&© momentum lo sse s  were small compared with the 
e f fe c tiv e  hydraulic head across the c a p illa ry  tube,
X&e kinem atic v isc o s ity  values worked out in  the ta b le s  
were w ith in  and maximum experim ental e rro r not 
exceeding 3$ could be ascerta ined  fo r  the hydraulic 
analogue while most of the e rro rs  were w ith in
The uniform ity of the c a p illa ry  tubes in  c ro ss -sec tio n a l 
area could usually  be tru s te d , and the r a t io s  of the 
re s is ta n c e s  to  flow could safe ly  be taken as the r a t io s  
of the leng ths of c a p illa ry  tubes of the same i,&* *
For accurate work , i t  was best to  c a lib ra te  a l l  c a p il la ry  
tubes w ith a reference ca p illa ry  tube so th a t th e ir  
re s is ta n c e  ra tio s  could toe assessed on the same datum*
5* As the t e s t  du ra tion  was about 3 to  k hours, the 
possib le  room tem perature f lu c tu a tio n  of 2 to  3°F did 
not vary s ig n if ic a n tly  the v isco s ity  of transform er o il*
6 , For v is c o -s ta t ic  o i l  te s te d  dynamically a t  56*5°F 
and te s ted  s ta t i c a l ly  a t  55*5°F, they gave values of 
kinematic v is c o s ity  w ith in  ±2%* This showed th a t 
in s tead  of c a lib ra tin g  the c a p illa ry  tubes using the 
dynamic method which was qu ite  streneous, the s ta t ic  
method could be used with comparably good accuracy*
The s ta t ic  method was th ere fo re  used in  P a rt I  work.
k S
Shock hea ting  of in f in i te  p la te  from both surfaces 
The next problem chosen fo r  the  hydraulic analogue 
was a p la te  extending to  In f in i ty  from a l l  i t s  ♦edges**
I t  was of uniform temperature i n i t i a l l y ,  and i t  was 
heated  up suddenly to  an elevated temperature on both 
surfaces* Due to  the symmetry of the  p la te , only h a lf  
p la te  th ickness was needed fo r  consideration* In  o ther 
words, the h a lf  th ickness of the p la te  was shock heated 
on one surface while the mid-plane surface was in su la ted  
to  hea t flow*
Schack (1930) prepared ch a rts  fo r  a slab  of f i n i t e
th ickness d and o f in f in i te  ex ten t heated on both s id e s ,
f-tu - ts) (t, -  t  c) Of dgiving curves o f '^ ^ t* ^ "  and against.
v arious values o f fo r  find ing  the surface temperature
5^ and mid-plane tem perature a f te r  d if fe re n t time '~r  •
± t and to  were the constant surrounding temperature and 
the o r ig in a l tem perature re sp e c tiv e ly ,a  was the c o e ffic ie n t 
of hea t tra n s fe r  a t  the su rface , a n d w a s  the thermal 
d i f fu s iv i ty  of the m aterial*
a* Design considera tions
For the hydraulic analogue experiment, the design 
based on c e n tra l storage was used, and the h a lf  th ickness 
of th e  p la te  was divided up in to  8 space in tervals*
8 c ap ac ito r tubes were used, w ith 3 inch brass c a p illa ry
tubes connecting them. I t  was necessary in  c e n tra l 
sto rage design to  have one c a p il la ry  tube of 1*5 inches 
connected between the f i r s t  cap ac ito r tube and the * storage 
chamber u n i t1 , and another c a p il la ry  tube of 1 ,5  inches 
connected between the l a s t  cap ac ito r tube and the 'c lo sed  
chamber u n i t 1 in  which the i n i t i a l  f lu id  le v e l was 
maintained#
With the  experimental re su lts*  fig# 10 was p lo tte d
I Q — Qo\
w ith  tem perature r i s e  \  ) in  percentage aga in st
tim e t  in  minutes based on « 1 , where <X was th e  thermal
d if fu s iv i ty  in  in  /xain and 1 was the h a lf  p la te  th ickness
Lin  inches# The tem perature h is to r ie s  a t  d is tan ce  Tgr *
3 L  5 b  7 L  M L .  \3L *5 L  -
IT  * TT * TT ' ~?T **TT » ¥ , s nd *fe from 
the heated surface were presented* The time re la tio n sh ip
S t  £  Cwas derived from eq# G)s St. = — JEL
^ pz S
where p was the  space in te rv a ls  used#
b* Comparison o f  ald»plsne tem perature h is to ry  with 
ava ilab le  da tas
There i s  a p ra c tic a l  problem in  'Heat Transfer*
by Fishenden and Saunder# The d e ta i ls  of the problem
are  as follows*
A s te e l  s lab  1 inch th ick  i n i t i a l l y  a t  5^°F
throughout i s  p e rfe c tly  in su la ted  on one fa c e 5 the o ther
face I s  suddenly increased  to  and maintained a t  h50°F#
(continued p*51)
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P lo t a curve shoving the tem perature v a r ia tio n  v ith
time of the in su la ted  face> taking f  » h80
K « 26 B tu /h r /f t/° P , C * 0.13 B tu /lb /°F , irre sp e c tiv e
of temperature*
To use the hydraulic analgoue r e s u l ts  in  fig* 10 9
L*i t  was f i r s t  necessary to  f in d  the value s r  *
K 12€/&q) , o
low Of a  B 0 )3 x4_gQM  e  0*00695 f t  /min f
J /  ('/<z)x 
ex 155 0 -0 0 6 QS 585 1 ' *
Time t  in  fig*  10 was th e re fo re  the tru e  time in  minutes
fo r  th is  problem.
However to  get the  temperature v a r ia tio n  a t the
mid-plane o f the p la te } 3 graph was p lo tte d  v ith  tem perature
/ 0 -0. \
rise !  •g -Q -J in  percentage aga inst d istance in  fra c tio n s  
of h a lf  p la te  thickness* From th is  derived graph in  
fig# 11 |  the following ta b le  was drawn using
(S i -  9o) « i*5G -  50 « hoo°F fo r th is  problem#
" fc . fcC l.A6cl O'*. "of" ~ 1 O'l 0, IF 0-2 0-25 o 3
t  oXmaxl. iwxjsl 6-0 i F*3 3 5 1 4-2-fc
'£-vHp£Aat\A£. /u.<m CF 24- 6 1 104- 14-3 17!
AcXaAcJI  ”tv/wv,c SJ6-C. 6 9 1 Z l£T I&
AotucJl 1 e-mp^AcjIlajE. °P 14- h2_ 154- 193 22.1
(continued p.53)
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The value of the actual time and temperature were 
p lo tte d  onto the graph of Fishenden and Saunder in  
fig*  11 * I t  could he seen th a t the hydraulic analogue 
re s u l ts  were very s a tis fa c to ry , f i t t i n g  well on the graph.
c . Comments on experim ental re su lts  of in f in i te  s la te  
This hydraulic analogue experiment on in f in i te  
p la te  problem showed the app lica tion  of cen tra l storage 
design . Instead  of using brass c a p illa ry  tubes of 3 inch 
len g th  throughout as in  the case of end storage design, 
b rass  c a p illa ry  tubes of 1 .5  inch leng th  were necessary 
in  c e n tra l  storage design, increasing  the range of 
re s is ta n c e  ra t io s  of c a p illa ry  tubes used* The hydraulic 
analogue re s u lts  were good and maximum e rro r never 
exceeded Z% of the exact mathematical so lu tions.
The o ther poin t was th a t the graph of temperature 
r i s e  in  percentage against time t  in  minutes
based on JL s  l  , was convenient to  use in  any p ra c tic a l
o< 1
problems. For shock heating of In f in i te  p la te  problems 
w ith any th ickness and any thermal constants K, C, andP 
of the m a te ria l, the actual temperature r is e  and time 
could e a s ily  be worked out as shown in  the above example*
2*2 S M clL A eatin^ inside teUgMLCZllajter
In  steady ra d ia l  heat conduction through so lid  
c y lin d e r, Carsiaw and Jaeger solved a number of spec ia l 
eases including fo r  examplej sudden heating a t su rface, 
constan t heat f lu x  a t su rface, and constant ra te  of 
heat generation w ith in  the cylinder* They also  solved 
the steady hea t conduction equation through in f in i te  
hollow cy linder using Bessel functions and Laplace 
transform ation  although no numerical datas were worked 
out#
In  unsteady conduction problems, Gurney and Lurie,
H o tte l, Schack, and H eisler provided ch a rts  fo r  the
surface and cen tre  temperature h is to r ie s  fo r  in f in i te
cy linders  w ith various degrees of in te rn a l and surface
resistances*  She ch a rts  were p lo tte d  with dimensionless
t ” togroups namelyj temperature r a t io  * Husselt
K r  _  octnumber ^  , and Fourier modulus® » —f t  , where
T  was tim e, r  was radius of cy lin d er, and o ther symbols 
had th e i r  usual representations*  However these charts  
were not su ita b le  fo r  use in  sho rt periods of heating 
and cooling problems as in  hea t treatm ent of m etals by 
quenching, because the se rie s  so lu tions converged very 
slowly in  these cases besides they were tedious and 
inaccurate  un less a g rea t many terms were computed* 
H eisler developed short period heating and cooling
55
ch a rts  fo r in f in i te  cy linders using the *heat and mass 
flow analyser* a t  Columbia University#
In unsteady beat flow through in f in i te  hollow 
cy lin d ers» very few numerical data  are available#
Indeed a n a ly tic a l so lu tions using graphical method are 
possible but the working out of numerical r e s u l ts  are 
tedious* Due to  remarkable advances in  numerical methods 
based on f i n i t e  d iffe rence  equations, so lu tions of many 
tran s ien t heat flow  problems are now p o ssib le , but the 
computation work i s  monotonous and lengthy# I t  was there fo re  
decided to  use the hydraulic analogue to  solve a few 
problems of shock heating In side  in f in i te  hollow cy linders 
of d iffe re n t r a t io s  of ou tside  rad iu s to  in s id e  radius*
In shock heating  problems, i t  was assumed th a t 
the surface re s is ta n c e  to  hea t flow was n e g lig ib le , so 
th a t in side  su rface during shock heating was immediately 
kept a t  elevated  temperature while outside surface was 
kept a t the i n i t i a l  temperature of hollow cylinder#
This represented the extreme case in  p ra c tic a l problems 
of heat conduction through hollow cy linder, and the 
re s u l ts  might be usefu l to  f in d  the maximum possib le  
thermal s tre s se s  in  p ra c tic a l cases#
One p ra c tic a l  example i s  the  cooling of Ingot in  
th ick  metal mould# During s o l id if ic a t io n  of m etal, the 
©volution of la te n t  heat keeps th e  inner surface of the
%mould a t  a constant tem perature, and the  outer surface 
of the th ick  mould i s  almost constant a t  the surrounding 
temperature* This i s  a case of shock heating w ithin an 
in f in i te  hollow cy linder because the leng th  of ingot 
i s  u su a lly  long compered w ith i t s  diameter and the end 
e f fe c ts  may be neglected# Other cases include; hot f lu e  
gases through the chimney* f i r e  tubes in  b o ile rs , rocket 
engine nozzles, f i r in g  tunnels used in  po ttery  making* 
and some types of furnaces#
For the f i r s t  case of shock beating inside in f in i te
Y (£
hollow cy linder of a  —=r * th ree  methods were used 
to  check the accuracy# r Q and r^ represented  the outside 
and in s id e  ra d ii  respectively#  The th ree  methods were;
( i )  hydrau lic analogue experiment using 8 space in te rv a ls  
w ith end storage design , ( i i )  hydraulic analogue experiment 
using ** space in te rv a ls  w ith c e n tra l storage design, and 
( i l l )  re la x a tio n  method computation using 8 space in tervals#
a# F inite^ d iffe rence  equation fo r ra d la l ,Ae.at...f,l QM
The ra d ia l heat flow equation in  long cylinder
Lf —f— r■n.+t / m .•wt
57
iei&vMiwbe the tem perature a t  *^s=u ^ a n d  a t  time "t k #
Then the  Idebmann* s f i n i t e  d iffe rence  equation a t  ^  ,
(©n+t ©vn-i^ ~-20n , __L— (Qh+i _ _JL (®wi
'vtSr  —  ~ a —..ti---- *-i s
and
H r  ~  «  8 t |v
b* Hydraulic analogue theory
Consider a s im ila r network in  hydraulic analogue*
The f lu id  flow equation a t  nodal po in t n i s
and^ H n.,+ Hn+I » (27)
For analogy to  e x is t  between f lu id  flow and heat 
flow» the c o e ff ic ie n ts  of equations (26) and (27) must 
be equal in  order th a t  H i s  to  rep resen t © •
Fn 2^- I . . Fn _
F«+» 2/n+l * Fn+»
2ia - Cr-  *  (28)
2 U + t  <X2th  pn+» ^ - 5
Noting th a t in  design ^ § T ~ |^  must ^  a constan t
fo r  a p a r tic u la r  problem* and to  s a t is fy  the above e q u a litie s
Fn. » ( z n . - t ) F  (29)
and Sn, » "U.S (30)
where F and S are the datum u n its  of c a p illa ry  tube
(continued p .59)
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len g th  and cap ac ito r tube area used* From eq. (28) ,
£~tf £rl Zm-H u S     .
& i ~  . an. (an«n)F zF (31)
l e t  p be the  number of space in te rv a ls  chosen in  
the  ra d ia l  d ire c tio n  of cy linder w a ll. Then the w all
l 7-
th ickness !> » p &r • Using time scale  based o n  s  1 ,  
which i s  convenient to  use , the time re la tio n sh ip  i s
s t k = ( 4 i r - f  ) s t f » - f )  (32)
S depends on the s iz e s  of capacito r tubes used in  design, 
and F can be found by c a lib ra tin g  one of the c a p illa ry  
tubes used in  the network*
The simple re la tio n sh ip s  of $n = n S fo r  the capacitor 
tubes and Fn ** ( lu - t )  F fo r  the c a p illa ry  tubes are 
v a lid  fo r  both the end storage design and the c e n tra l 
sto rage design i f  no ta tions in  f i g .  12 are followed 
fo r  the  hollow cy linder problems*
c* Hydraulic analogue design on in f in i te  ■.■hollow cy linder 
of T r T  " r a t io  1 15/2
In  ra d ia l  hea t flow problems, the capacitor tube
areas varied  from one nodal po in t to  the nest with the
re la tio n sh ip  of 5w « n S * To s a t is fy  the design, means
had to  be provided fo r  the v a r ia tio n . Perspex tubes
of i  inch i . d .  and 1 inch o .d . were used in  a l l  the
hydraulic analogue experiments on one dimensional ra d ia l
heat flow problems. Inside the perspex tubes, s i lv e r
6o
s te e l  pods of various s iz e s  were in se rte d  to  make up 
fo r  the d if fe re n t areas required*
As a specimen case , the in f in i te  hollow cy linder 
of r Q * r^  « 3.5 s 7 was worked out in  deta ils*  R eferring 
to  fig*  12 , the end storage design was used fo r the 
8 space in te rv a l network, hut the c e n tra l storage design 
had to  be used fo r  the  k space in te rv a l network* 
i* 8 soace in te rv a l end storage design
R eferring to  fig* 12 and with Sh, *= n S f then 
S* *S? *S(0 IS,, * S(1 *$,* *S(4. s» t  i^  a io s it * 12 1 13 *14- . 
The la rg e s t  capacito r tube area av a ilab le  was , 
area  *=;§: * ■ 0,M*2 In**, and as Sl4 as ii+ Q required
the la rg e s t  capacito r a rea , the following arrangement 
was made.
<r->a S<| S,o s„ $ (Z 0(3 S ,4.
, *
Q<24-1 0-271 0 -3 0 2 0 3 3 2 0 -3 6 2 o * 3 4 2 0 -4 4 2
For c a p illa ry  tubes, as Fn * (2n -  1) F and as 
flow conductance F was the  rec ip roca l of flow re sis tan ce  
which was proportional to  the length  of ca p illa ry  tube
used, then iv ,  *= ~ r * —4 ?  « r^t—’ (2n- >) P (2n-») ^
where fL was the basic length  of c a p illa ry  tube used*
The r a t io s  of c a p illa ry  tub© lengths became,
JL% * -^ 4 * X|0 * * <^-IZ * JLi?> * * '^ '15
" TV %- k  ‘-iV ‘TT *^T Nr *7T
For I t  |  b rass c a p illa ry  tube of 2  mm i.d *  and of 
k inch  leng th  was used* The o ther c a p illa ry  tubes would 
then have the follow ing leng th s.
I t ± Z-iZ. ^ • ( 4 - X / 5
A>OQ Krfl. 3 - 5 3 3 - 1 6 i S G 2  6 1 2 - 4 . 0 z-zz 2 01
was connected between the 's to ra g e  chamber unit* 
and the f i r s t  cap ac ito r tube* The l a s t  capacito r tube 
s <5 rep resen ting  the  l a s t  space element could have any 
cross sec tio n a l area because i t s  f lu id  le v e l was constant* 
C apacitor tube area of 0*¥^2 in  was used fo r , and 
I t s  he igh t was only 3 inches above the  cen tre  l in e  of 
h o rizo n ta l c a p il la ry  tubes* This heigh t was the i n i t i a l  
f lu id  le v e ls  in  a l l  capacito r tubes before the experiment 
was c a rr ie d  out* sim ulating the maintenance of i n i t i a l  
tem perature a t  ou ter surface of cylinder* 
i i*  ^  ..sn.as.e.. lnterv.al-.central,, storage, design
The simple re la tio n sh ip s  of ^  a  n S , and Fn,«(*'v“0F  
are a lso  v a lid  fo r  c e n tra l  storage design i f  the no ta tions 
in  fig*  12 are followed* In  th is  case £r e 2 y and as 
v^at n&r the capac ito r tubes were loca ted  a t n = 5* 6, and 7 «
For the capacito r tubes* the la rg e s t  ava ilab le  area 
of 0*M+2 in 2 was used fo r  * The following arrangement 
was made*
S<n~ S s Sfc S7
. X
0 - 2 S " 3  ^ 0 - 3 ( 6 0 - 3 7 9 0 - 4 4 - 2
62
Brass c a p illa ry  tuba of 2 ram i . d .  and of 8 inch 
leng th  was chosen f o r X r . Other c a p illa ry  tube length  
followed the  re la tio n sh ip  of
4  * A  * i 7 « * I T  *T T
In the  c e n tra l storage design i t  was necessary to  have
l i  and X* to  rep resen t ^  and as shown in  fig# 12? .
As ( £5 a t  9 ) to  ( a t  11 ) was of r a t io  11 * 9 »
i t  was by the same reasoning th a t ( Hi a t  7k ) fo r  a 
d is tan ce  of *x to  ( X$ a t  9 ) fo r  a d istance of «r 
should be of r a t io  t 7k i#e# 9 t 15 * S im ilarly ,
( JU a t  l*fi ) fo r  a d istance of to  ( £5 a t  9 ) fo r  
a d is tance  of should be of r a t io  i*©» 9 * 29 •
The len g th s  of c a p illa ry  tubes were tabu lated  as fo llow s.
l i JL$ A t JLe
Asnn g.QQ 6>5!T £•55 2'4%
Hz was connected between the f i r s t  capacitor tube 
to  the * storage chamber u n it* , and Xe was connected 
between the l a s t  cap ac ito r tube to  the ’constant head 
unit*  of 3 inch heigh t Perspex tube above the cen tre  
l in e  of ho rizon ta l c a p il la ry  tubes. The 3 inch height 
was the i n i t i a l  f lu id  le v e ls  in  a l l  capacito r tubes 
before the commencement of experiment*
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dm R elaxation computation on cy linder of r ^ / r .
a & ta  ... 1 1  j  ,, z  ^
R elaxation computation was ca rried  out to  check 
the r e s u l ts  of hydraulic analogue experiment# The 
re la x a tio n  fo r  c y lin d ric a l ra d ia l  heat flow i s  much 
more com plicated than the in su la ted  rod problem. All 
nodal p o in ts  have th e i r  own residue equations and th e ir  
own re la x a tio n  p a tte rn s . From Liebmann* s f i n i t e  d ifference 
equation (26) ,  the  re s id u a l equation a t r n i s
Ra  (residue)
(2
r.-'- e
rn o ( f t  n ^ - '
As L a p£f , and pu tting  the time scale  on b asis  of 
$r s  1 , the above equation becomes
Rn <re s i to e > « (l + r^SU . + (* ~ 7 s )  8*-.
* (Z4Wt)0n
The re la x a tio n  p a tte rn  a t  r n i s
6,
m f s t
In the so lu tio n  fo r  a in f in i te  hollow cylinder of 
t0/ v± r a t io  of 15 * 7 , 8 space in te rv a ls  were used, 
With js l = 1. * Time in te rv a l of O.OO833 minute was used
because the r e s u lts  of the f i r s t  few steps were compared 
to  be accurate with those computed w ith h a lf  the time 
in te rv a l*  Keferring to  fig*  12 , the corresponding 
re la x a tio n  p a tte rn s  fo r  d if fe re n t nodal po in ts wares
f t  % q SO n U 13 14*
1-071 bO 6 3 1 0 5 6 1 .0 5 0 f .0 4 -4 1-04-2 1 0 3 $
- 3 . $ 7 7 - 3 - S 7 7 ~ 3 '$ 7 7 - 3 . $ 7 7 - 5  $ 7 7 - 3 - $ 7 7 -3 -$ 7 7
0 . 7 4 - 4 C 9 5 0 0 .9  5 5 0 - 9 5 $ Q'96 % 0 9 6 4 * 0 -9 6 7
However, la rg e r  time in te rv a ls  were used as the re lax a tio n  
proceeded in  order to  save computation work* The 
re la x a tio n  p a tte rn s  had to  be changed accordingly as 
follow st
S t  Wivw, •008$ 3 -0/667 -03 33 >0834* 766 ? -333 -667 6333 2667
-1-077 -Z ? $ S - 2 4 7 0 -2 -^7 -2-O K ” 2*047 -2C23 - 2-0 / 2. -7-00&
I t  could there fo re  be seen th a t the re lax a tio n  
computation was qu ite  laborious* The number of s ig n ific an t 
f ig u re s  in  computation was kept to  the minimum provided 
th a t  the round o ff e rro r d id  not become serious* Only 
experience in  re la x a tio n  would enable one to  compute 
with minimum e f fo r t  but w ith maximum accuracy*
(continued p .66)
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e* Comparison and d iscussion  of re su lt?
Transformer o i l ,  brass c a p illa ry  tubes, and Perspex 
ca p ac ito r tubes were used in  the hydraulic analogue 
setups* Cine camera was used fo r  recording of capacito r 
tube f lu id  le v e l ,  see fig* b .  Both the re lax a tio n  and 
analogue re s u l ts  were p lo tte d  with graphs of temperature 
r l s e ^ |r ~ ^ j  in  percentage against time t  in  minutes based 
on « 1 , where L was the cy lin d ric a l wall thickness*
I t  could be seen from fig* 13 th a t the re su lts  of re lax a tio n  
and hydraulic  analogue experiments using 8 space in te rv a ls  
and space in te rv a ls  had maximum dev iation  le s s  than 
yf0 o f maximum temperature* While re la x a tio n  took about 
one week of laborious and often monotonous computation, 
the hydraulic analogue could achieve the same re s u l ts  
in  h a lf  an hour which was the experimental time involved*
One im portant p o in t revealed was th a t b space in te rv a l 
analogue re s u l ts  d iffe re d  very l i t t l e  from 8 space 
in te rv a l  analogue re su lts*  For c y lin d ric a l ra d ia l heat 
flow in  one dimension, i t  was accurate enough fo r  most 
problems to  use space in te rv a ls  in  hydraulic analogue 
design cu ttin g  down the amount of work fo r  the p reparation  
of apparatus and fo r  the evaluation of re s u l ts .
(continued p*69)
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F i G  N o . t P  SMOCK H E A T IN G  IN S ID E  IN F IN IT E  H O L L O W  CYLINDER.
; F U LL  L IN E  —  
[ C H A I N  L IN E  —
=» 18 : 10 
— I n  : -> 4  s p a c e  i n t e r v a l  e n d - s t o r a g e  d e s i g n  (e x p l )
w 20
0-1 o-z
T I M E  i n  M I N U T E S  B A S E D  ON L7- /^  -  I
0.3
F ULL  l i n e  
CHAIN LINE.
4  S P a c-E INTER VALf CENTRAL-STORAGE p e s i g n ( e x t l )
ct: 6 0 ' -
4 0
  .......... '...o“T ... "..........................  0 2
t i m e  i N M I N U T E S  BASED ON L>/?C = I
2 .3  F urther app lica tio n s  of hydraulic analogue
The hydraulic analogue was used to  find  the e f fe c ts  
of r Q/ r *  ra t io s  on the tra n s ie n t temperature d is tr ib u tio n s  
due to  shock heating in s id e  in f in i te  hollow cy lin d ers .
I t  was a lso  applied to  shock heating in sid e  hollow spheres 
o f severa l r Q/r ^  r a t io s .  The shock heating was chosen 
due to  i t s  s im p lic ity  and also to  i t s  being the most 
c r i t i c a l  case in  p ra c tic a l  problems.
To be on the safe  s id e , another comparison of 8 
space In te rv a l end storage design and space in te rv a l 
c e n tra l  storage design was ca rried  out fo r an In f in i te  
hollow cy linder of r 0/ r ^  ra t io  of 11/3 » Graphs were
p lo tte d  fo r  th is  case in  f ig .  I 1*, and i t  was again very
sa tis fa c to ry . For fu r th e r  in f in i te  hollow cylinder problems 
b space In te rv a l end storage design was used fo r  r 0 /TX 
r a t io s  of 5/1 and 9 /5  « while b space in te rv a l c e n tra l 
s torage design was used fo r  r 0/ r^  r a t io s  of 19/11» 
and 27 / 19 .
b* Shock heating In side  hollow spheres.
Carslaw and Jaeger solved a number of spherical 
r a d ia l  hea t flow problems, namely th a t  of shock heating 
a t  the surface of the sphere, the constan t heat flu x
a t  the surface of the sphere, and constant heat production
w ith in  the sphere. Gurney and L urie , and l a t e r  H eisler 
prepared ch a rts  fo r  the heating of sphere with various
(continued p .71)
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r a t io s  of in te rn a l and. surface re s is ta n c e s . Goldenberg 
using Laplace transform , provided graphs fo r the tra n s ie n t 
tem peratures a t cen tre  and surface of spherical region 
of hea t generation w ith constant h e a t/u n it  volume/unit time, 
and a lso  the  t ra n s ie n t  temperature a t a d istance twice the  
rad iu s  of sphere from the  cen tre .
Thermal s tre s se s  are present to  an exceptional 
degree In  m e ta llu rg ica l, pottery  and g lass furnaces.
Most o f the furnaces are of hem ispherical shape, and 
they can be considered as concen trica lly  heated spherica l 
s h e l ls .  To estim ate the thermal s tre s s e s , tran s ie n t 
tem perature d is tr ib u tio n s  must f i r s t  be known.
I t  was decided to  use the hydraulic analogue to  
f in d  the tra n s ie n t tem perature d is tr ib u tio n s  of spherica l 
s h e lls  of Tq/ t  ^ r a t io s  of 3 /1 , 2 /1 , and 3/2 due to  
co n een trica i shock h ea ting . I t  was another demonstration 
of the v e r s a t i l i ty  of hydraulic analogue fo r  one dimensional 
hea t flow problems.
i .  Theory of spherica l ra d ia l heat flow
F ig . 12 can a lso  be used fo r no ta tions of end
sto rage design in  spherica l ra d ia l heat flow problems.
Heat conduction equation in  th is  case i s ,
^8 . z
-jfi + T'Sr  “  * a t
Let be the temperature a t  r*. « nSr and a t
t  » mS-t , then the corresponding f i n i t e  d ifference
72
equation i s ,
(8fc.^ tjfQn-t-zQ>4wt , 3- • (©*.+» -©*-*)»n < (0«-0m .i)vt
Sr* + ^Sr — j1 7  “ oi
Rearranging 9
* ©v^« ^33)
IM» tVV
ii*  The f lu id  flow equation i s ,  .
[M H * .,~ H Ky - . FKf,(H^“ Hm+i)j -  r |^~  ( Hm'H ^ - i) ^
H *•* Hn^ .| •  (l + i r ii-^Hw ® Z TT" ( Htn ~ Hw-\)vu•»-» \  F«t)/ «Vi Stt**• A p«t>/ ,w FU St*
Comparing the heat flow and f lu id  flow equations fo r 
analogy,
Fa _ -3TJ,,,. . ^ F*. _ 2 n
■ ~F»+; “ , i+ i ’ 1 +_f^  ■ h + i
5n / Vt \  S Tand
1 M+-I k M - s k  <*»
To s a t is fy  the above e q u a li t ie s , and noting th a t 
JL ttj i s  a constan t fo r  a p a r tic u la r  design ,
F*. s  n (n-1) F (35)
and Sn. -  n2 S (36)
where F and S are the basic u n its  of c a p illa ry  tube 
leng th  and cap ac ito r tube area  used, 
i l l .  Time re la tio n sh ip  
From eq. (3*0 ,
$ t f  « V f l  / s^. <* F+V  -m-’ s s a
Let L 9 p£ r  , where L i s  the thickness of spherical 
w a ll, and p i s  the number of space in te rv a ls  used in  
hydraulic analogue design . I t  i s  o ften  convenient to
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11
put » 1 * The time re la tio n sh ip  i s  then 
St*, * * § tf ^  -i~
F can he evaluated  by c a lib ra tin g  one of the ca p illa ry  
tubes in  the  hydraulic analogue network, and S i s  the 
datum area  depending on the s izes  of capac ito r tubes used. 
I t  can be seen from equations (35) and (36) ,  th a t  
the v a r ia tio n s  of lengths o f c a p illa ry  tubes and cross- 
sec tio n a l areas of capacito r tubes In  the ra d ia l  d irec tio n  
are more ra p id  fo r  spherical case than c y lin d ric a l case.
The hydraulic analogue was applied to  shock heating 
in s id e  hollow spheres of r 0/ r i  r a t io s  of 3 /1 , 2 /1 , and 
3/2 using the  h space In te rv a l end storage design, 
Transformer o i l  and brass c a p illa ry  tubes were used.
The re s u l ts  were p lo tte d  in  fig*  16 with temperature 
r i s e  ( ® in  percentage against time t  in  minutes
t *based on « l  , where L was the th ickness of spherical 
w all. The maximum e rro r should be w ithin 3% while most 
o f the e rro rs  would be le s s  than 1%$ as ind ica ted  in  the 
comparisons made fo r the previous experimental r e s u lts .
7**
^aaen.dix |   Thermal s tre s s  in  th ick  hollow cylinder
1*1 In tro d u c tio n
The shock heating  w ithin  a hollow cy linder to  
an elevated tem perature * while m aintaining the 
o r ig in a l tem perature ©o a t  the outer surface of the 
cy linder are the  approximate conditions followed in  
many p ra c tic a l cases. Two ty p ic a l examples are the 
s o l id if ic a t io n  o f casting  in  th ick  metal mould and 
the  heating up of a long p o tte ry  furnace. In  both cases , 
the  ax ia l leng ths of th e i r  c y lin d ric a l shape are la rg e  
compared with th e i r  diam eters, and the end e ffe c t can 
th e re fo re  be neglected . The thermal s tre sse s  in  the 
tr a n s ie n t  and steady s ta te s  of heat flow , are of g rea t 
importance to  the cracks in  metal moulds and fu rnaces.
The thermal s tre s s e s  in  th ick  in f in i te  hollow 
cy lin d e r under steady heat flow conditions are presented 
f u l ly  in  the book nStrength  of M aterials* by I .  Case.
In  t ra n s ie n t  problems of ra d ia l h ea t flow through 
c y lin d r ic a l  w all, Sal to  1921 and Lees 1922 suggested 
g raph ica l methods of so lu tion . Their common d if f ic u l ty  
was the  unavoidable inaccuracy of the graphical method 
when i t  was applied to  the steep temperature g rad ien t.
As an example, the heating up of c a s t iro n  mould 
due to  a c y lin d ric a l s te e l  casting  lU- inches diameter 
and 7 f t  height was considered. The c a s t iron  mould 
was assumed to  have a wall th ickness of 8 inches.
(continued p. 76)
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The r Q/p^ r a t io  of the c y lin d ric a l metal mould was
15/7 » and fo r  th is  case , the temperature h is to ry  graphs
of fig*  13 could be used*
The s te e l  casting  was about 1*8 tons* The pouring
temperature would be around 2970°F, and the mean freezing
tem perature would be about 2730°F. The a i r  gap and
dressing between the casting  gnd the mould in te rfa c e s
were neglected* I t  was reasonable to  take the  elevated
tem perature Qi a t  the mould in te rfa c e  during the f i r s t
30 minutes to  be constant of metal freezing  temperature
of 2730°F* The outer surface of the ca s t iro n  mould was
kept a t  the o r ig in a l tem perature of 60°F which was near
enough in  p ra c tic a l  case , as the mould had to  be heated
up to  the steady heat flow conditions in  about 15 minutes
from the in s ta n t  of pouring of liq u id  metal fo r  th is
s ize  of c a s tin g . This was indeed a case of shock heating
w ith in  an in f in i te  th ick  hollow cylinder w ith a temperature
d iffe rence  of Q±» Bo » 2670°F •
From the  values in  the temperature h is to ry  graphs
of fig *  13 , the ra d ia l temperature d is tr ib u tio n  curves
across the c y lin d ric a l w all a t  time in te rv a ls  of 0. 008,
L*0*02, 0 .06 , 0.10 and O.lh- minutes based on -g- = 1 ,were 
p lo tte d  on fig* 17 * I t  was noted th a t a t  0*3 min, the 
conditions began to  approach th a t of the steady s ta te  
heat flow , and a t  0.008 min i t  was the tra n s ie n t conditions
77
a t  2.67# of the whole period required to  reach about 98$ of the 
steady s ta te  conditions. The temperature d is tr ib u tio n  
curve of 0,008 min was used fo r  the thermal s tre ss  
ca lcu la tions*
1,2 Equations fo r thermal s tre sse s
The same approach as ou tlined  by J ,  Case with some 
m odifications, was used in  th is  tra n s ie n t thermal s tre s s  
an a ly s is . I t  was f i r s t  necessary to  f i t  an equation to  
the tem perature d is tr ib u tio n  curve a t 0.008 min. A fter 
many attem pts, the following equation was thought to  
be good enough*
Let » n , where r  i s  the radius of the interm ediate 
po in t w ith in  the wall} then
» - 0.15  + 2 n*10 -  0 .85 n"13 (37)
Consider an element as shown, a t  rad iu s r  from 
the ax is  of the th ick  cylinder*
Let r a d ia l  displacement be v a t  rad iu s r j  then
the c ircum feren tia l s t r a in  i s  , and the ra d ia l s t r a in
i s  4 ^  . I f  p i s  the ra d ia l  s t re s s  and q i s  the hoop a r  *
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s t r e s s ,  i t  can be proved read ily  th a t the equation of 
equilibrium  i s ,
% . p + r-£- - (38)
The s t r a in  due to  the r i s e  of tem perature of the element
must be taken in to  account in  thermal s tre s s  analysis#
Let CT be the  c o e ff ic ie n t of expansion of m etal, 
be the  tem perature r i s e  of the elem ent, z  and e z be 
the ax ia l s tre s s  and s tr a in  resp ec tiv e ly ! then the s tr e s s -  
s t r a in  equations a re ,
~r£ ■■ - f - (  p -  2i^ r )  + o ' I© -  a*) (39)
+ < r ( ® - e » )  0*o)
( z  "  + ( r  (e  -  ©•) 0*1)
r
where E i s  the modulus of e la s t ic i ty ,  and -fa i s  the 
Polsson*s ra t io  of the  m ateria l of the  cylinder#
Two usual assumptions in  the in v es tig a tio n  of s tre sse s  
in  the  th ick  cy lin d e rs , are made# They arej (1) the 
end conditions are  such th a t the s t r a in  p a ra lle l  to  the 
ax is  i s  e i th e r  zero or constan t, (2) the cy linder i s  
not sub jec t to  any ex terna l forces#
D iffe ren tia tin g  (**0) and (Vl) w ith respect to  r  
remembering th a t e2 i s  a constan t, and using eq# (38) 
and (39) i t  can be proved th a t
^  -  k  o * )
where K i s  a co n stan t. ,(continued p#o0)
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Rearranging,
_L iiZLEl ,
An,
m E < rr\ «• n g- f 6 -80  \ (6; -0.)
j \
S u b stitu tin g  f o r ( ^ ”r | ; j  from eq. (37), and in teg ra tin g  
p = E<r (0 i-e o) [ a + 4 - ^ (  0.05 n-5
-  0.25 n-10 + 0.077* n '13)
For most fe rro u s  m etals, the Poisson*s ra t io  i s  
1m* 3  *3~ t an<a th i s  value i s  su b s titu te d  in to  the equation* 
As th e re  are no ex te rn a l pressures applied to  the inner
and ou ter surfaces of the hollow c y lin d e r, p  * 0 a t
jr> I c
n as -~2 as 1 and n 2.1M* * The constants A
and B can be evaluated* The f in a l  expression fo r  the 
r a d ia l  s tre s s  i s
p  * E c r ( e ; - e 0) ( 0,0531 -  0.237 n~2 -  0.075
+ 0.375 a*10 -  0.116 a*13) (U3)
Using (38) ,  the  hoop s tre s s  equation i s  
q » p + n-^-*. d n
s t< r  (© > 60) ( 0.0531 + 0.237 n~2 + 0.3  n~*
•  3.375 n"10 ♦ 1.395 n~13) (Mf)
In  the case of th ick  metal mould, the ends are 
f re e  and to  fin d  the constan t in  the ax ia l s tre s s  equation
r r«
the cond ition  of / 2Ttrzdhr« 0 i s  used* S ubstitu ting/r*
P and q in to  eq. (*+1)
z  e £ r  ($* -0o) (o .io ^  + 0.225 n * ~  3 n ''°  + 1.277 n~'3) 0+5)
(continued p. 84-)
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f\Cx NO.Zl AXlA'u STRESS MSTFMBUTiOM DUE. TO SHOCK HEAT'N^ 
WITHIN INFINITE. HOLLOW CYLINDER OF ^o’ TyCzz |S : 7
AND OF MATERIAL WHOSE POiSSON'S RATIO IS 
AT TIME O . C O Q  MINUTE BASED ON L1/*  s= I
ZOIT
-OZi /-
E<r(e;-e,)[o.!06 + o-asjt'jT 5 F y'°
A l-277te
8k
I *3 t o 2_lcj3t lo n  of therm al,,stress equations to  a cas t 
iro n  mould of 15 inch outer arid 7 inch inner radi i
R adial s tre s s  j> , hoop s tre s s  q * and ayi ai, s t r e s s  z  ,
were p lo tte d  w ith v e r t ic a l  scale  against
n = “jr. , in  f ig s ,  19* 20 and 21 ,
For c a s t  iro n  mould,
thermal conductiv ity  K « 0.0558 B tu/m in/in/°F *
sp ec ific  h ea t C * 0.11** B tu /lb /°F  *
d ensity  P » 0,265 Ib /in ^  , and
therm al d if fu s iv ity  £X «*“£"r * 1 .85  in 2/min •
L*As time 0.008 min i s  based on = 1 , and
j  X  / j  J  « ,
~~ * -2 — .i — 88 3**»& » the tru e  time fo r  the tra n s ie n t
cond itions as applied to  the ca s t iro n  mould i s
3*+*6 x 0.008 a  0.277  lain or 15*6 sec a f te r  the in s ta n t
o f pouring of l iq u id  metal in  the mould.
For c a s t iro n  mould*
6 omodulus of e la s t ic i ty  E * 17 x 10 lb /in *  , 
c o e ff ic ie n t  of l in e a r  expansion <r *= 6 x 10**^  per °F , 
Poisson*s ra t io  » *3"
To fin d  the tra n s ie n t  thermal s tre sse s  across the 
c a s t  iro n  mould w a ll, i t  i s  only necessary to  m ultip ly  
the  v e r t ic a l  sca les of figs* 19, 20 and 21 by the fa c to r  
of E<r (@:*Qo) ** 272,800 lb / in 2 • I t  can be seen th a t
the maximum te n s ile  s tre s s  reached i s  *+1,000 l b / in 2
p
and the  maximum compressive s tre s s  reached i s  328,000 lb / in  • 
These values would occur i f  the m ateria l remains e la s t ic .
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For c a s t Iron* the  best u ltim ate  te n s ile  s tr e s s  i s  about 
30,000 l b / in  and the best u ltim ate  compressive s tre s s  
i s  about lb-0,000 l b / i n  • However a t  high tem peratures, 
p a r t i a l  y ield ing  would occur to  re lie v e  some of the 
therm al s tre s s e s .
By knowing the  magnitudes of the temperature 
g rad ien t and the  thermal s tre s s  d is tr ib u tio n s  across 
the  c y lin d ric a l w a ll, i t  may be possib le to  fin d  ways 
to  remedy the s itu a tio n *  The example given i s  only one 
ap p lica tio n  of shock heating w ith in  the in f in i te  hollow 
cylinder# Many s im ila r cases e x is t  in  d iffe re n t f ie ld s  
of engineering*
uAppendix I I  Range of Reynolds* number covered in  the 
c a lib ra tio n  t e s t s  of c a p illa ry  tubes
From P o iseu ille* s  equation (22) ,
S ubstitu ting  the  mean v e lo c ity  in to  the equation fo r 
the Reynolds* number,
In  the c a lib ra tio n  t e s t s ,  2 mm brass c a p illa ry  
tubes of 1*95» 2*98, 6 .0 , and 7*9 inches, were used.
Eoe v is c o -s ta t ic -a l l*  (56°F) « 1.85 x 10“3 f t 2/sec
and using eq. A6) ,
In  s ta t ic  c a lib ra tio n , H varied  from 0 .5  to  l A  f t ,  and
(high) « 0.733 » R (low) « 0.061+6 © e
In  dynamic c a lib ra tio n , H varied  from 0,2  to  0.75 F t, and 
Re (high) = 0.392 , Re (low) = 0,0258 
For transform er o i l . i /  (58°F) = OA x 10~3 f t 2/sec
In  s ta t ic  c a lib ra tio n , H varied  from 0 .5  to  l A  f t ,  and 
Re (high) « 15.6 , \  (low) = 1.376
In  dynamic c a lib ra tio n , H varied  from 0,2 to  0.75 f t ,  sn^ 
Re (high) = 8,35 i Re (low) « 0.55
mean v e lo c ity  v =-$“§
i s  the kinem atic v isco sity  of f lu id
A6)
8?
Qom m ts. and conclusions fo r  Ft I  work
(1) The basic u n its  of the hydraulic analogue were 
investigated*  Brass f i t t in g s  to  hold upright the Perspex 
tubes of 18 inch he igh t and to  connect up a l l  the c a p illa ry  
tubes a t  the nodal p o in ts  were sa tisfac to ry *  A d ra in
fo r  the brass f i t t i n g  a t  i t s  bottom was necessary fo r  
the  adjustment of i n i t i a l  f lu id  le v e l in  the capac ito r 
tube* The v a r ia tio n  of capacito r tube areas by hanging 
b rass or s te e l  rods in  the perspex tubes were convenient, 
and care should be taken to  ensure reasonable gap between 
the  rods and the  Perspex tube w alls in  order to  minimize 
the  miniseus e f fe c t  on the movement of f lu id  in  the 
cap ac ito r tube*
(2) The recording by cine-camera and the readings of 
f lu id  le v e ls  worked out by comparing the f lu id  le v e ls  in  
the capacito r tubes with the re se rv o ir  f lu id  lev e l above 
a datum heigh t on the screen were sa tisfac to ry*  The 
clock  used fo r  f lu id  flow time should have a second hand 
to  give accurate readings of time* Most o i l s  could be 
used in  hydraulic analogue w ithout worrying about the 
change of th e i r  v isc o s ity , provided th a t the c a lib ra tio n  
of a reference c a p illa ry  tube was ca rried  out immediately 
a f te r  the experiment* Mineral o i l s  had the advantages 
th a t  no organism would grow in  them and th a t they caused 
no ru s t  and co rrosion  on the b rass  f i t t in g s ,  the Perspex 
tu b es , and the b rass or s te e l  c a p illa ry  tubes*
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(3) Both ce n tra l storage and end storage designs were 
investigated*  They were both s a tis fa c to ry  fo r  hydraulic 
analogue designs. However, the end storage design was 
much sim pler and i t  requ ired  sm aller ranges of c a p illa ry  
tube and capacito r tube s izes  in  the design. Thus with 
a s e t  of standard components fo r the hydraulic analogue, 
the end storage design due to  i t s  f l e x ib i l i ty  could 
u sua lly  achieve the  optimum design* R eferring to  the 
n o ta tio n s  in  f i g .  12 , some simple re la tio n s  could be 
applied  to  the c e n tra l and the end storage designs fo r  
i n f in i te  hollow cy lin d ers  and hollow spheres. For in f in i te  
hollow cy lin d e rs , the re la tio n  fo r c a p illa ry  tube leng ths 
i s  2'n.—T)*" ^  * anti re la tio n  fo r  capac ito r
tube areas i s  Sn * nS • For hollow spheres, the re la tio n  
fo r  c a p il la ry  tube leng th s i s  J(Lw® L  » and
the r e la t io n  fo r  cap ac ito r tube areas i s  %  « nS •
(if) The c a p illa ry  tubes were c a lib ra te d  by both the 
dynamic and the s ta t ic  methods, and the corresponding 
r e s u l ts  of the two methods were elose with one another. 
S ta tic  method i s  recommended fo r u se , due to  i t s  s im p lic ity . 
The c ro ss -sec tio n a l areas of the c a p illa ry  tubes of 
s te e l ,  b rass and copper were a l l  uniform enough fo r 
u se , and th e i r  re s is ta n c e s  to  flow were very nearly 
p roportional to  th e i r  len g th s . For very accurate work,
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i t  i s  advisable to  c a lib ra te  a l l  the c a p illa ry  tubes 
before use* The c a p illa ry  tubes of 2 mm i* d . and of 
leng ths longer than 1*5 inches may be used with confidence* 
The ranges of Reynolds* number worked out in  Appendix I I ,  
showed th a t  in  a l l  the experiments c a rr ied  out the Reynolds* 
number fo r  the f lu id  flow varied  from 0 .55  to  15*6.
Viscous flow occurs in  c irc u la r  pipes i f  the Reynolds* 
number I s  below 2,200 * With such low Reynolds* numbers 
in  the experim ents, the lo s se s  a t the connectors, the 
va lves, the en try  and the e x i t  of c a p illa ry  tube, should 
be neg lig ib le*
(5) The maximum e rro r of hydraulic analogue never exceeded 
£3$ w ith most of the e r ro rs  w ith in  £L$ . By using more 
viscous o i l s  than the transform er o i l ,  the accuracy 
of hydraulic analogue can be fu rth e r  improved* Errors 
are developed not only from the apparatus i t s e l f  but 
a lso  from the  f i n i t e  space In te rv a ls  used in  design*
The e r ro rs  due to  the apparatus i s  about +£$• According 
to  the r e s u l t s  of many hydraulic analogue experiments, 
i t  i s  confident to  quote th a t  even with b  space in te rv a ls  
in  one dimensional problems, including those of ra d ia l 
heat flow in  cy linders and spheres, the e rro rs  due to  
the f i n i t e  space In te rv a ls  used in  the network would be 
around 0.6j£. D eta il d iscussion  on th is  po in t w ill be 
presented in  P t I I  work*
90
- / e - e 0\
(6) The graphs of temperature r i s e  \e ; - e o )  in  percentage
i *aga in st time t  in  minutes based on ~  « 1 , are both 
general and convenient to  use* For in su la ted  rod,L i s  
the leng th  of rod5 fo r  in f in i te  p la te ,  L i s  the h a lf  
th ickness $ and fo r  hollow cy linders  and spheres, L 
i s  the  wall thickness* These graphs are applicab le to 
any metal w ith constan t thermal p ro p e rtie s , shock heated 
to  any tem perature below m elting po in t. The app lica tions 
o f f i g .  10 to  the shock heating problem of an in f in i te  
p la te  1 inch th ic k  in su la ted  on one surface, and of 
fig*  13 to  the problem of th ick  cy lin d rica l c a s t iron  
mould of 7 inch inner and 15 inch  outer r a d i i ,  demonstrated 
the  v e r s a t i l i ty  o f these graphs*
(7) A case of thermal s tre sse s  fo r  hollow cy linder of 
r a t io  r Q/r^  *= 15/7 was in v es tig a ted . F igs. 19» 20, 
and 21 were p lo tte d  fo r  general use of any metal whose 
F o isson 's  r a t io  i s  1/m ■ 1/3 .  The hollow cy linder 
was shock heated in s id e  while the outer surface was 
kept a t  the o r ig in a l tem perature. However, the graphs 
are only app licab le  to  m ateria ls  w ith in  the e la s t ic  
lim it*  The very la rg e  thermal s tre s se s  in  the case of 
c a s t  iro n  mould fo r  ca s tin g , pointed to  the importance 
in  the f ie ld s  of research  in  the high temperature vessels 
and s tru c tu re s .
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B a t  I I
A pplication of the hydraulic analogue to  a
problem of s te e l  casting  in  water cooled ca s t 
l£91L .!PiM
The v ir tu e s  of the hydraulic analogue as a research 
to o l can best be demonstrated by i t s  app lica tion  to  a 
complex problem* An id ea l and im portant problem i s  the 
s o l id if ic a t io n  of ca s tin g . In th is  f i e ld ,  th ere  are 
th ree  main branches, namely, castin g  in  sand mould, 
ca s tin g  in  m etal mould, and castin g  in  continuous process,
A problem of f i n i t e  cy lin d ric a l casting  of s te e l 
in  water cooled mould was chosen* Due to  i t s  geometrical 
symmetry, th is  was a two dimensional heat flow problem 
Involving superheat, la te n t  h e a t, variab le  thermal p ro p ertie s  
w ith  tem perature, and complex boundary conditions*
She casting  tack led  was of f in i t e  c y lin d ric a l shape 
of 2 f t  diam eter and 2% f t  len g th . With these dimensions 
the  heat flows in  both the ra d ia l  and the ax ia l d irec tio n s  
were im portant. She ca s t iro n  mould was f t  thickness 
a l l  around the castin g  and was water cooled. She ca s t 
m etal was SAE-1020, whose thermal p roperties and th e ir  
v a r ia tio n s  w ith temperature were ava ilab le ,
3,1 Review of work on ingot and c h i l l  castings.
She soundness of casting  fre e  from porosity , c racks, 
rough su rfaces , and residue s tre s se s , I s  the constant 
ob jec t of the p ra c tic a l foundryman* I t  i s  necessary to  
understand c le a rly  the  mechanism of so lid if ic a tio n  so
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th a t  methods can he developed to  co n tro l the s tru c tu re  
of the  cas tin g  and the q u a lity  of the u ltim ate  product*
Most of the ingo ts are so lid if ie d  in  the ca s t iro n  moulds.
In the case of s te e l  in g o ts , the c a s t s tru c tu re  has a 
v i t a l  e f fe c t  on the subsequent manufacture of wrought 
s te e l  products. Permanent metal mould i s  usually  used 
in  the manufacturing process to  produce la rg e  quantity  
of ea s tin g  of b e tte r  surface fin ish*
The heat tra n s fe r  between the casting  and the mould 
i s  very severe in  the case of c h i l l  c a s tin g . General 
speaking, a c a s t iro n  mould takes about one f i f t h  of the 
time fo r  a sim ilar sand mould to  freeze the casting .
For the  w ater cooled mould the freeze time i s  again 
20% l e s s  than th a t of a th ick  walled c a s t  iron  mould.
Roth found th a t  su b s titu tio n  of an iro n  mould wall fo r  
a copper one in  the water cooled mould, would hardly 
a f fe c t  the ra te  of freez in g  of the ca s tin g . However, 
su b s titu tio n s  of 30% n ick e l s te e l wall and n ick e l-iro n - 
coba lt a llo y  (36*6311) w a ll, would decrease the ra te  
of freeze  by 20% and 50% re sp ec tiv e ly . He also found 
th a t  the ra te  of cooling water flow was not a very 
Important fa c to r  in  the s o lid if ic a t io n  of casting .
The previous accepted theory has been th a t a l l  
l iq u id  m etals f i r s t  so lid ify  near the mould surface 
forming a sk in  whose th ickness increases as the s o lid if ic a tio n
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f ro n t  moves towards the centre of the casting* The 
su rface of the s o l id if ic a t io n  f ro n t i s  therefo re  p a ra lle l  
to  the surface of the mould in  the I n i t i a l  stage of the 
freeze* This i s  indeed tru e  fo r  pure metals e*g* aluminium, 
copper, le ad , and low carbon s te e l ,  provided th a t  the 
s o l id if ic a t io n  f ro n ts  from the sides and corners of the 
ca s tin g  do not in te rfe re *
But fo r  so lid  so lu tion  a llo y s , e*g* 0,6$ carbon 
s t e e l ,  aluminium -  %% copper a llo y , magnesium -  9 ,8$ 
aluminium a llo y , and indeed a l l  l ig h t  alloys of long 
freez in g  range, the s o lid if ic a t io n  i s  of another type*
The s o l id if ic a t io n  f ro n t i s  in  the form of a band 
between the liq u id u s  and the so lidus isotherms* In  these 
a l lo y s , freezing  s t a r t s  when the start-o f-freeze-w ave 
(liq u id u s  isotherm) in i t ia te d  from the easting/mould 
in te r fa c e  has passed through the zone* The liq u id  metal 
zone changes to  a pasty  zone of p a r t ia l  s o l id if ic a tio n  
and no t u n t i l  the end-of-freeze-wave (so lidus isotherm) 
has a rr iv e d , th a t  the  zone i s  completely s o lid if ie d .
The spacing between the two waves decreases as the freezing 
r a te  i s  increased , depending on the steepness of the 
tem perature gradient* For l ig h t  a llo y s  with high 
co n d u c tiv itie s  and there fo re  low temperature g rad ien ts , 
i t  i s  possib le  th a t the whole casting  be in  the pasty 
p a r t i a l  s o l id if ic a t io n  s ta te  during most of the freezing  
period*
9k
There i s  ample experimental evidence to  show th a t 
the tem perature grad ien t in  the so lid ify ing  casting  i s  
the ch ief fa c to r  influencing the proportion of columnar 
and equ iax ial s tru c tu re s  in  the f in a l  product of the 
s te e l casting* The s o l id if ic a tio n  fro n t i s  a t  f i r s t  
comparatively narrow and th is  leads to  columnar 
c r y s ta l l iz a t io n .  But the so lid if ic a t io n  f ro n t gradually 
widens as i t  proceeds and the equiaxial s tru c tu re  i s  
formed* The superheat, range of freeze , thermal conductiv ity , 
and add itive  are  also  im portant to the s tru c tu ra l 
formation? hut they a l l  t i e  up in  one way or the o ther 
w ith the tem perature grad ien t during the cooling process.
To know the temperature g rad ien t, i t  i s  f i r s t  required 
to  fin d  the tem perature h is to ry  w ithin the ca s tin g .
There are severa l methods employed in  research  to find  
the tem peratures a t  the requ ired  loca tions in side  the 
ca s tin g .
S o lid if ic a tio n  contour 
i .  Pomvont method
This method i s  used to  fin d  the so lid if ic a tio n  
contour of a castin g  hy pouring out the liq u id  metal a t 
d if fe re n t  time in te rv a ls  a f te r  teeming# This i s  an 
expensive method because many id e n tic a l moulds had to  
be made fo r the t e s t .  Briggs and G ezelius, Nelson, Chipman 
and Fonder sm ith, and o th ers , d id  a good amount of research 
w ith th is  method.
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The disadvantages are as follows*-
(1) Steep contour i s  usually  d i f f i c u l t  to  measure to  
a high degree of accuracy*
(2) Temperature g rad ien t i s  not found*
(3) The co st i s  expensive.
(*f) Some alloys l ik e  bronze c a s tin g , f a l l s  out a ltoge ther 
during the pour-out process*
(5) I t  i s  d i f f i c u l t  to  provide passages to bleed out 
the l iq u id  metal in  the in te r io r  of a complicated 
shape of ca s tin g ,
(6) This i s  only su ita b le  fo r  pure m etals, and low carbon 
s te e ls  which have narrow freeze range, as the skin 
th ickness measured by pour-out method corresponds to
the  p o s itio n  of liq u id u s  Isotherm a t the moment when 
the  mould i s  overturned*
Ti* iak.. gjethoil
This method i s  a lso  used to  f in d  the s o lid if ic a tio n  
contour p a r tic u la r ly  those of la rg e  ingots w ith long 
freez ing  time* Adequate time must be allowed fo r  accurate 
measurements* I t  su ffe rs  from many of the disadvantages 
as those of the pour-out method, 
i i i .  Tracer add ition  method
For non copper bearing a l lo y s , l iq u id  aluminium 
contain ing  about 20# copper may be added to  the l iq u id  
m etal a t  the se lec ted  time in te rv a ls  a f te r  teeming.
The add itive  immediately freezes when i t  has reached
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the so lidus isotherm  contour, A boundary i s  formed to 
show the sump of the casting  a t the  required  time in te rv a l ,  
when the ca s tin g  i s  machined a f te r  s o lid if ic a tio n .
Recent advance in  th is  l in e  has been the use of very 
small amount of rad io -ac tiv e  gold Au^ 98 by Lewis and 
Putman to  d e lin ea te  the s o lid /l iq u id  fro n t of pure 
aluminium* ■ ■
b . Temperature measurement method^
This i s  by fa r  the best method fo r  research . I t  
was used by Ruddle, P e l l in i  £& Mackenzie and Ronald, 
Fowler and Savage, Udy and Me I n t i r e ,  and o thers in  many 
f ie ld s  of in v e s tig a tio n s . The thermocouple design needs 
utmost p recau tio n s , and i t  must be small so th a t the 
tru e  thermal condition  in  the  casting  i s  no t d isturbed .
The thermocouple must be adequately supported and pro tected  
aga inst the bouyaney and a ttack  of l iq u id  m etal. As 
fa r  as p o ss ib le , the w ires should be arranged p a ra lle l  
to  the isotherm s in  the ca stin g  so th a t e r ro rs  due 
to  heat conduction up the w ires are minimized. The 
thermocouple must be sen s itiv e  enough to  give immediate 
response to  the change of temperature* There are now 
automatic recording instrum ents with motorized se lec to r 
switch and am plifier connected to  pen recorder to deal 
with 8 thermocouples per second,
Chromel/Alumel thermocouple has an accuracy of 
about +3,6e F and i s  usually  used in  research  work on
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l i g h t  a l lo y s .  Rare m etal thermocouple has an accuracy 
o f  about + i.8 0F and i s  used fo r  copper a llo y  and s t e e l  
ca stin g s#  The thermocouple v ir e s  are u su a lly  enclosed  
in  s i l i c a  tubings and the exposed hot junctions are 
p rotected  by a th in  vash o f alumina or proprietary  
f ir e c la y  cement.
For measuring temperature in  sand mould, Chromel/ 
Alumel thermocouple i s  always used , and the v ir e s  may 
e ith e r 'b e  enclosed  by sm all f ir e c la y  in su la to r s  or be 
embedded bare in  the sand. Udy and He In tir e  mentioned 
about the form ations o f  bubbles around the thermocouples 
when th e ir  in s t a l la t io n s  and the pouring o f liq u id  metal 
in to  th e mould were not properly carried  out.
C* Mathematical method 
i*  Exact mathematical so lu tio n
So fa r  i t  i s  not p o ssib le  to  so lv e  a n a ly tic a lly  
the complex problems in  the s o l id i f ic a t io n  o f ca stin g  
w ithout o v er -s im p lif ied  co n d itio n s. b ig h tfo o t, F e ild ,  
R u s s e ll ,  and others approached the ca stin g  problems 
w ith  the usual: assumptions In  part or in  whole fo r  th e ir  
c a lc u la t io n s , as fo l lo w s i-
(1) Superheat i s  incorporated in  the la te n t  h ea t .
(2) The thermal p ro p ertie s  are co n sta n t, not varying  
w ith  tem perature.
(3) The ca stin g  as a se m i- in fin ite  mass, comes in to  
co n ta ct w ith  the mould o f an in f in i t e  plane su rface .
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(**) The in te r fa c e  temperature o f  ingot/mould surface 
i s  kept constant throughout the analysis*
Indeed w ith  these assum ptions, the v a l id it y  o f  
the r e s u lt s  i s  questionable* However, the mathematical 
a n a ly s is  does show the trends o f the r e s u lt s ,  when one 
or two v a r ia b le s  are a ltered  in  turn* They are a lso  
valuable as the standards o f  comparison between the 
p r a c tic a l and the id e a l cases* As in  a l l  in d ir e c t  methods 
to  fin d  the tem perature, i t  i s  necessary to  know the thermal 
p rop erties o f  the c a s t  m etals and the mould m ateria ls  
a t high tem peratures which are not ava ilab le  in  many 
cases*
i i *  F in ite  d iffer en ce  mathematical so lu tio n
This method i s  more f l e x ib l e ,  and more p ra ctica l 
assumptions may be used* Schmidt, Eyres §£, j*i, Businberre, 
Servant and S lack , and o th ers , did a l o t  o f v ariabl e  
work on t h is  l in e *  In th e ir  methods, the f i r s t  and the 
second d i f f e r e n t ia ls  were u su a lly  su b stitu ted  by th e ir  
f i n i t e  d iffer en c e  eq u iv a len ts , derived fundamentally 
from T aylor1s s e r ie s  n eg lectin g  terms o f h igher orders*
To so lve th ese  f i n i t e  d ifferen ce  equations, i t  i s  necessary  
to  use e ith e r  the graphical method, the numerical 
computations o f  e ith e r  the it e r a t io n  or the re laxa tion  
methods, or the mechanical and the e lec tro n ic  d if fe r e n t ia l  
analysers*
The ca s tin g  and the mould had to  be d iv ided  up
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in to  su ita b le  networks. For each sm all time increment 
used In  the c a lc u la t io n , i t  i s  necessary to  adjust a l l  
the temperatures a t d iffe r e n t  nodal p o in ts o f  the network 
in  order to  s a t is f y  the heat flow  equations# Numerical 
method i s  more accurate and f le x ib le  than the graphical 
method, but the network and time In terv a ls  must bo kept 
sm all enough to  a t ta in  the required accuracy# In most 
problem s, the c a lc u la t io n  i s  q u ite  laborious# F in ite  
d iffe r e n c e  method can be very u se fu l in  the in terp o la tio n s  
o f  measured tem peratures for  the interm ediate p o in ts  
between the experim ental points chosen in  the c a s t in g ,  
so th a t isotherm s can be drawn more accurately#
With the development o f d ig i t a l  computors, some 
problems can be so lved  readily# However, with variab le  
thermal p ro p er tie s , la t e n t  h ea t, and complex boundary 
co n d itio n s  o f the chosen problem, i t  i s  necessary to  
programme fo r  each nodal point and fo r  each small time 
In te r v a l, so th a t the work i s  s t i l l  very heavy* In th is  
r e s p e c t , analogue computors have the advantage o f saving 
in  both time and work, although the accuracy o f the 
analogue computer i s  u su a lly  about £2% due to  i t s  
construction#  
d# E lectron ic  method
1# E le c tr ic a l resista n ce-ca o a c ita n ce  analogue
Modern approach in  analogue method i s  based on the 
s im ila r ity  o f the mathematical equations# Heat flo w ,
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e l e c t r i c i t y  flo w , and v iscou s f lu id  flo w , are a l l  governed 
by the sane type o f  mathematical equation* I t  i s  p o ss ib le  
to  r e la te  e le c t r ic a l  current to  heat f lu x ,  and vo lta g e  
to  tem perature, fo r  two sim ilar problems in  e l e c t r i c i t y  
and heat flows* As vo lta g e  i s  very much ea s ier  to  measure 
than the tem perature, e le c t r ic a l  analogue experiments 
can be carried  out to  fin d  the corresponding heat flow  
performances*
This type o f analyser i s  b u il t  up w ith re s is ta n ce  
and capacitance networks* The disadvantages o f th is  
method a r e t-
(1) The leakage o f sm all capacitance i s  quite se r io u s ,
and i f  the shape o f  a ca stin g  problem i s  o f  awkward 
s i z e ,  a range o f capacitances includ ing  the small ones 
had to  be employed*
(2) The experim ental time on the e le c t r ic a l  r e s is ta n c e -  
capacltance analogue i s  u su a lly  very sh ort, and to  prolong 
the experim ental time fo r  more accurate tran sien t vo ltage  
measurements, very la rg e  and th erefore expensive capacitances 
are required*
(3) The recording o f  tra n sien t vo ltage  i s  not a ltogeth er  
easy*
(if) For problems o f variab le  thermal p ro p ertie s , many 
v a r ia b le  components are needed and expensive automatic 
d ev ices  fo r  adjustments are u su a lly  incorporated*
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i i *  .E lec tr ica l resistance-netw ork  analogu e
A re s i  stanc e-network analogue designed by Liebmann 
and in s t a l le d  in  Im perial College* can be used to  so lve  
many heat tra n sfer  problems* I t  i s  r e a lly  an e le c t r ic a l  
r e la x a tio n  machine* The time in terv a l had to  be chosen  
c a r e fu lly  to  g ive  the required accuracy w ithout imposing 
ex cess iv e  amount o f experim ental work* To so lve problems 
o f  va r ia b le  thermal p ro p ertie s  and la te n t  h ea t, ad d ition a l 
components are needed# The time and e f fo r t  to  solve  
the ca s tin g  problems would be much greater than that o f  
the e l e c t r ic a l  resistan ce-cap aeitan ee  type o f  analogue, 
although th e  accuracy i s  s l ig h t ly  better*  
l i t *  E le c tr o ly t ic  tank
This method i s  used fo r  heat flow  problems in  steady  
sta te*  The main disadvantage i s  the p o la r iza tio n  e f f e c t s  
a t the e lectrod es*  Lewis used the e le c t r o ly t ic  tank to  
so lve  a q u a s i-s tea d y -s ta te  problem o f continuous casting*
A s e r ie s  o f  e lec tro d es  on one sid e  o f the tank were used  
to  represent the coo lin g  su rface , and a shaped electrod e  
in  the tank represented the s o l id if ic a t io n  contour which 
was determined f ir s t ,p r o b a b ly  by the d ip -s t ic k  method*
Tap water was used as e le c tr o ly te  and a probe was used  
to  record the v o lta g es a t the se lec ted  p o in ts  in  the 
region  between the e lectrod es*  The equ ivalen t temperature 
f i e l d  o f the b i l l e t  could  be p lo tted . The e f f e c t  o f mass 
tra n sfe r  was not taken in to  account, and the r e s u lts  were 
th erefo re  open to  cr it ic ism s*
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3*2 Boundary, con d ition s at the casting/m ould in terfa ce  
A* Air can form ation
I t  i s  not y e t  esta b lish ed  whether an a ir  gap forms 
between the ea s tin g  and the sand mould, during s o l id if ic a t io n .  
However, there i s  no doubt about the ex is ten ce  o f  an 
a ir  gap between the ca stin g  and the metal mould, during 
s o l id i f ic a t io n .  The a ir  gap may not be f i l l e d  w ith a ir  
a lo n e , and most l ik e ly  there are other gases from the 
v o la t i l i s a t io n  o f the mould dressing and the evolu tion  
o f  gases from the molten m etal during the s t ir r in g  type 
o f miction a f te r  teeming*
L ig h tfo o t, Matuschka, Kykura, Mackenzie and Donald, 
Linacre, and o th e r s , did a good amount of research as 
to  the time and th ickn ess o f a ir  gap formation* I t  must 
be pointed out r ig h t from the beginning th a t much more 
research i s  necessary before conclusions can be reached 
to  a scerta in  the exact mechanism in  the form ation of 
the a ir  gap and I t s  e f f e c t  on the ca stin g ,
i .  Present theory on the mechanism of a ir .gap  formation
When the molten metal i s  poured in to  the metal 
mould, the mould i s  expanded and a skin  o f ca stin g  i s  
formed. At the beginning, there i s  intim ate contact 
between the ca s tin g  and the mould, and the heat tran sfer  
across the in te r fa c e  i s  by conduction a lon e. After a 
w h ile , the mould may s t i l l  carry on expanding, but the 
sk in  o f  the ca stin g  i s  now th ick  and strong enough to
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co n tract due to  the lowering o f temperature a fter  the 
ex c ess iv e  conduction heat tran sfer  a t the beginning.
The form ation o f a ir  gap reduced grea tly  the heat 
tra n sfer  ra te  through the casting/m ould in te r fa c e ,  
because the ra d ia tio n  heat tran sfer  ra te  was only about 
one tw en tieth  that o f  the conduction heat tran sfer r a te ,  
Paschkis mentioned th a t the d e lic a te  newly formed ca stin g  
sk in  was heated up a f te r  a ir  gap form ation, and the  
f e r r o - s ta t ic  pressure o f the molten metal in  the centre  
might p iece  through the weakened sk in  to  r e f i l l  the  
a ir  gap producing the phenomenon o f 1 b leed in g' in  c y c l ic  
processes*  However t h i s  bleeding phenomenon was ra re ly  
v e r if ie d  in  p r a c t ic e ,
Matuschka suggested  that the expansion of the mould 
and the con traction  o f the castin g  were both important 
to  the a ir  gap form ation, Mackenzie and Donald, and 
McCance b elieved  th a t the mould expansion was more im portant, 
because the c a s tin g  sk in  was heated up and expanded 
to  compensate i t s  i n i t i a l  contraction* However, land  
and G laisher suggested that the high t e n s i le  s tr e s se s  
recorded ou tsid e  the mould was an in d ica tio n  o f the  
inner w all o f the mould expanding inwards I n i t ia l l y  
due to  the p la s t ic  deform ation, so that the con traction  
o f the ca stin g  might be more important in  the a ir  gap 
form ation.
1C&.
, The movement o f  the inner surface o f a mould w a ll,  
i s  th erefore the r e s u lt  o f the expansion outwards o f  
the whole mould superimposed on the expansion inwards 
o f the p la s t ic  flow  a t the inner region  o f the mould* 
L in acre's  c a lc u la t io n s , talcing in to  account o f  the creep 
outwards and the con traction  Inwards o f the c a s t in g ,  
and a lso  the expansion outwards and the p la s t ic  deformation  
inwards o f the mould, showed th a t i t  was the net  
expansion o f the mould which was the most important 
in  the a ir  gap formation* 
i i *  Tine fo r  a ir  aan form ation
Mykura used a lamp in  s e r ie s  w ith a battery  and 
an in su la ted  probe which was flu sh  with the inner surface  
o f the mould. The lamp was switched o f f  i f  the a ir  gap 
was formed, due to  the breaking o f the e le c t r ic a l  c ir c u it*  
Matuschka used a sim ilar arrangement but w ith an e le c tr ic  
b e ll  in stea d  o f an e le c t r ic  lamp* Some o f the Mykura's 
r e s u lts  (5  out o f  1 2 ) , showed that the ca stin g  did not 
touch the mould at any time during the c a s t .  Bacon and 
T igarseh ild  a lso  found in  th e ir  experiments that there  
was never complete con tact between the ca stin g  and 
the mould*
I t  i s  rather d i f f i c u l t  to  co rre la te  th e experimental 
r e s u lt s .  However, Matuschka*s r e su lt  o f a ir  gap formation  
at 1 ©in. 2 5  s e c . a fte r  teem ing, seemed to  be reasonable 
fo r  a 10 in ch  diameter ca s tin g  o f medium carbon s t e e l  in
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a c a s t  iro n  mould w ith w all th ickness o f 3 i  inches*
An in d ir e c t  method was to  ca lcu la te  the heat tra n sfer  
ra te  across the casting/m ould in te r fa c e , or the heat 
absorption ra te  by a mould, using the data o f temperature 
measurements w ith in  the ea stin g  or the mould during 
s o lid if ic a t io n *  By p lo tt in g  the heat tra n sfer  rate across  
the casting/m ould  in te r fa c e  against the time a fter  teem ing, 
the graph would show an in f le c t io n  due to  the a ir  gap 
form ation , because th is  •sudden1 change o f  heat tra n sfer  
ra te  cou ld  on ly  be explained  by the ra d ia tio n  taking  
the p lace o f  conduction a t the casting/m ould in terface*  
Bishop §& §2* found th a t the in f le c t io n  fo r  th e ir  7 inch  
square c a s tin g  occurred about I  to  1 .5  minutes a fter  
teem ing, which agreed w e ll w ith that o f Matuschka*s 
re su lt*  Mackenzie and Donald found the In f le c t io n  for  
th e ir  3 ton  s t e e l  in g o t a t *fr minutes a f te r  teeming*
Fowler and Savage found th e in f le c t io n  fo r  th e ir  8 ton  
s t e e l  in go t about h  minutes a fte r  teeming* Binacre and 
Crane had th e in f le c t io n  fo r  th e ir  ea stin g  in  a water 
cooled  mould a t 2*5 minutes a fte r  teeming*
B igh tfoo t ca lcu la ted  the time fo r  the a ir  gap 
form ation, but h is  ca lcu la ted  time was doubtful in  
absolute va lu e as h is  formula fo r  p la s t ic  flow  i s  now 
regarded as erroneous* However, h is  ca lcu la tio n s  showed 
th a t the la r g e r  the ca stin g  the longer would be the
(continued p*107)
106
1000,000
600,000|
400,000 |
17.
M I N U T E SINTIME
(1) WATER COOLED COPPER MOULD ( CRAKE AND LINACR1 )
C2> THICK WALL CAST IRON MOULD ( MCKENZIE AND DONALD )
(3 ) THICK WALL STEEL MOULD ( RUDDLE )
(h )  WATER COOLED CAST IRON MOULD ( HYDRAULIC ANALOGUE )
Ft& I t
10?
time fo r  the a ir  gap form ation, and the preheating  
o f  th e mould would resul-t in  longer time fo r  the a ir  
gap formation* L igh tfoot a lso  suggested that the formation  
o f  an a ir  gap would r e s u lt  in  a gradual rather than a 
sudden change in  the ra te  o f heat absorption by the  
mould, and i t  seemed l ik e ly  that the a ir  gap was formed 
before the time o f in f le c t io n  as shown on the graph 
o f  the heat tra n sfer  ra te  across the casting/m ould  
in ter fa ce*
i i i .  Manner and th ick n ess o f  a ir  aao formation
Linacre pointed out that there was a gradual change 
in  the degree o f  co n ta ct between the castin g  and the  
mould, as in d ica ted  by the smooth graphs o f the heat 
tra n sfer  ra te  o f Linacre and Crane, Mackenzie and Donald, 
and Buddie, reproduced in  f ig *  22 * Linacre further  
suggested that the ca s tin g  was in  contact with the mould 
i n i t i a l l y ,  and a f te r  2 to  5 minutes a fte r  teeming, there  
was a time o f sev era l minutes when the castin g  was in  
decreasing p a r t ia l con tact with the mould leading to  
the complete separation* So the separation  was a three  
stage p rocess, and i t  was in fluenced  by the s iz e  o f the 
c a s t in g , the surface roughness o f  the castin g  and the  
mould, the superheating o f the molten m etal, and the 
preheating of the mould*
de Sars, L inacre, and o th ers, found that the separation
between the ca stin g  and the mould sta rted  a t the bottom
o f  the ca s tin g  and varied  between p o in ts a t the same 
h e ig h t, due to  the f e r r o -s ta t ic  pressure o f  the molten 
metal and the roughness o f the in terfa ces*  The th ickn ess  
o f the a ir  gap was not e a s i ly  found by d ir e c t  experim ental 
means. Linacre ca lcu la ted  fo r  a castin g  o f 3 0  cm diameter 
in  a mould o f  60 cm outer diam eter, and found that the 
th ickn ess o f the a ir  gap a t the complete separation  
was around 0 .1  cm (hO/lOOO inch) *
I t  could  be seen from the heat tra n sfer  rate graphs 
in  f i g .  22 th a t when the complete a ir  gap was formed, 
the heat tra n sfer  ra te  was greater than the maximum 
ra d ia tio n  heat tra n sfer  rat© o f 5 ea ls/cm  /s e c  , 
corresponding to  a ca s tin g  in ter fa ce  temperature of 
about 2 , 8 0 0 °F and a mould in te r fa c e  temperature o f about 
1,800°F • B esid es , the ra d ia tio n  heat tra n sfer  rate  
should decrease as the in te r fa c e  temperatures were decreasd  
in  the la t e r  stage o f cooling*  This can only be explained  
by the fa c t  th a t the conduction heat tra n sfer  i s  as 
important as the ra d ia tio n  heat ta n sfer  even during 
the la t e r  stage o f  cooling* I t  i s  estim ated  by the w riter  
that the a ir  gap th ickn ess may be around 15/1000 to  
20/1000 in ch  fo r  complete separation o f  the castin g  and 
the mould*
E ffe c t  o f  the a ir  gan form ation on the castin g  
The heat tra n sfer  ra te  has tremendous in fluence  
on the stru ctu re  o f the c a s t in g , because o f  the temperature
gradient created  w ith in  the ca stin g  during so lid if ic a t io n *
In the case o f s t e e l  c a s t in g , a t the su rface , there 
i s  u su a lly  a th in  zone o f  c h il le d  s t e e l  o f small equi-axed  
c r y s ta ls ,  due to  the sudden and rapid co o lin g . Inside  
t h i s ,  there i s  a zone o f columnar stru cture perpendicular 
to  the ca stin g  in terfa ce*  The n u eiea tion  rate i s  not 
so h igh  h ere , since the quench i s  cushioned by the thermal 
d iffu s io n  through the skin* but the temperature gradient 
towards the casting/m ould in te r fa ce  i s  steep  for  the  
o r ien ta tio n  o f grain  growth. In the cen tre  o f the c a s tin g ,  
there i s  a zone o f  equi-axed gra in s o f large s iz e ,  
because o f  the low n u eiea tion  rat© due to  the n e g lig ib le  
temperature grad ient through the s t ir r in g  action  o f  
the teeming stream.
Both very rapid  and very slow co o lin g , r e su lt  in  
the equi-axed c r y s ta lliz a t io n *  Uniform equi-axed structure  
i s  good fo r  forging  as the dendrite zone has l i t t l e  
ta n g e n tia l stren g th , because o f the p a r a lle l in te r c r y s ta llin e  
p rec ip ita tio n *  A lte r n a tiv e ly , a coherent dendrite 
stru ctu re  may be sought to  reduce segregation*
The smoothness o f  the ca stin g  surface i s  a lso  
in flu en ced  g rea tly  by the a ir  gap form ation, although  
co n clu siv e  statem ents are s t i l l  la ck in g , de Sars suggested  
th a t a long period o f p a r t ia l con tact prevented crack s, 
because the temperature gradient in  the sk in  o f the  
free z in g  castin g  was decreased due to  d if fe r e n t ia l
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cooling# He a lso  p lo tted  contours jo in ing  p la ces o f  
equal separation  time on a ca stin g  su rfa ce , and showed 
th a t the d if f e r e n t ia l  expansion might be the cause o f  
the h orizon ta l cracks near the base and th e v e r t ic a l  
cracks near the top o f the casting# Bacon, on the other  
hand, poin ted  out that the fr ic t io n a l  fo r c e s  on the part 
o f the c a s tin g  s t i l l  in  con tact with the mould, would 
prevent the con traction  o f the sk in  r e su lt in g  hot tea r in g s , 
Hon-uniformity o f  coo lin g  w ith in  a sm all surface area, 
may cause weakness and s tr e s s  concentration  in  m aterial#
So the b e tte r  understanding o f the a ir  gap form ation, 
may be v i t a l  to  the prevention  o f  crack , b leed ing , hot 
tea r in g , and s tr e s s  con cen tration , on th e surfaces o f  the  
easting# Means must be sought to  con tro l the a ir  gap 
form ation, so that i t s  detrim ental e f f e c t s  on the ca stin g  
can be minimized*
b# Casting/mould in te r fa c e  temperatures
The in te r fa c e  temperatures could be measured by 
therm ocouples, as carried  out by F e l l in i  &£ &L, Fowler 
and Savage, Huddle, and others# Due to  the steep  temperature 
grad ients near the surfaces o f  the ea stin g  and the mould, 
even the b est experim ental works were l ia b le  to  inaccuracy* 
In most o f  the in ter fa ce  temperature measurements, the 
lea d s o f the thermocouples were arranged a t r igh t angles  
to  the mould w a lls , and because they were perpendicular
to  the isotherm  the heat conduction errors seemed to  
be unavoidable*
Constant in te r fa c e  temperature fo r  sand mould
Paschkis in  h is  e le c t r ic a l  analogue experiment o f  
ca s tin g  in  sand mould, used the Riemann temperature o f  
2 ,W f°F  fo r  the mould in terface*  Many experimental 
evidences showed th a t the in te r fa c e  temperature o f  the 
sand moulds during s o l id i f ic a t io n  o f s t e e l  c a s t in g s ,  
remained almost con stant fo r  a long time a fte r  teeming* 
Riemann*s temperature could be ca lcu la ted  re a d ily  fo r  
two s e m i- in f in ite  s la b s o f constant thermal p rop erties  
brought in to  contact* Constant In ter fa ce  temperature 
was a convenient boundary co n d itio n  fo r  the analogue 
experim ents, and i t s  adoption a lso  s im p lified  g rea tly  
th e  a n a ly tica l so lu t io n s  to  the ca stin g  problems*
But the id e a l con d ition s were r e a lly  not held  
in  the s o l id i f ic a t io n  problems# Dunphy g g  showed 
th a t in  some ca ses  o f sand c a s t in g , the mould in ter fa ce  
temperature v a ried  considerably w ith  time* I t  might 
be reasonable to  assume constant mould in te r fa c e  temperature 
fo r  sand c a s tin g s  o f  s t e e l  during the i n i t i a l  stage  
o f  s o l id i f ic a t io n ,  and the in te r fa c e  temperature o f  
2 , W t ° F  used by Paschkis was probably as good as any* 
However, errors due to  the la ck  o f constancy as w e ll as 
the shortage o f  the temperature measurement data on the  
va lu es o f the in te r fa c e  tem peratures, were r e a lly
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unavoidable in  a l l  the In d irect methods used to  fin d  
the temperature d is tr ib u tio n s  and the s o l id if ic a t io n  
tim es fo r  the c a s tin g  problems*
i i *  F-r.ecautio.n.S-._tQ...fi% the m etal mould In terfa ce  temperature 
For m etal mould, i t  would be more erroneous to  
assume a constant mould in te r fa c e  temperature throughout 
the s o l id i f ic a t io n  o f casting* However, mathematicians 
had to  use the constant mould in te r fa c e  temperature 
fo r  th e ir  so lu t io n s  o f problems# There were experimental 
evidences to  show th a t a short period o f constant mould 
in te r fa c e  temperature did e x i s t  even in  the case o f a 
m etal mould, although the period was very short about 
3 to  k  minutes as compared w ith about 10 to  20 minutes 
in  the case o f  sand mould*
Horvay and Henzel estim ated a c a s t  iron  mould 
in te r fa c e  temperature o f 1,5^0°F fo r  the molten s t e e l  
poured a t 2,S00°F* Many research  workers through the 
temperature measurement experim ents, confirmed that the 
mould in te r fa ce  temperature was roughly h a lf  way between 
the fr e e lin g  temperature o f the molten metal and the 
i n i t i a l  temperature o f the mould# S te e l mould in te r fa ce  
temperature was s l ig h t ly  higher than th a t o f ca st  iron  
mould, w h ile  the copper mould in te r fa c e  temperature 
was roughly h a lf  th a t o f  s t e e l  and c a s t  iron  mould.
The average mould in te r fa c e  temperature decreased with  
the h igher h eat cap acity  and the higher thermal
1 1 3
co n d u ctiv ity  o f the mould* Mould dressing  might a lso  
a f f e c t  the in te r fa ce  temperature,
Udy and Me I n t ir e ,  and Roth, d id  some valuable work 
in  the mould in te r fa c e  temperature measurements fo r  the  
water cooled  moulds* Their coo lin g  curves o f the mould 
in te r fa c e  were very sim ilar to  those o f  th ick  w alled  
m etal moulds. The In terfa ce  temperature rose quickly  
to  a maximum and then f e l l*  I t  was therefore not co rrect  
to  keep the mould In terfa ce  temperature constant fo r  
the water cooled  mould, in  any a n a ly s is . For c a s tin g s  
in  the metal moulds, the castin g  in te r fa c e  temperature 
was always much h o tter  than the mould in ter fa ce  temperature. 
I t  seemed that the boundary con d ition  fo r  ca stin g  in  
m etal mould or water cooled  mould could b est be r e a liz e d ,  
by fin d in g  an approximate re la tio n sh ip  between the 
in te r fa c e  temperatures o f  the ca s tin g  and the mould#
c .  Heat tra n sfer  c o e f f ic ie n t s  o f  conduction and radlati.cm  
i .  General d iscu ss io n
Many research  workers b e liev ed  that rad ia tion  heat 
tra n sfer  to  be th e most Important in  the ca stin g  problems.
In a d d itio n , they assumed that the rad ia tion  heat tran sfer  
ra te  was constant once the a ir  gap was formed. I t  was 
true that the ra d ia tio n  heat tra n sfer  only depended 
upon the In terfa ce  temperatures o f the castin g  and the  
mould, end not on the th ickness o f  the a ir  gap. But
ll* f
th e se  in te r fa c e  temperatures were not constant during 
s o l id i f i c a t io n ,  and the rad ia tion  heat tra n sfer  ra te  
should therefore vary*
To n eg lec t conduction heat tra n sfer  was another 
source o f error in  ca lcu la tio n s*  True, there were tech n ica l 
d i f f i c u l t i e s  to  hring in to  account the conduction heat 
tr a n s fe r , because o f the oxide or s la g  film  form ations 
a t the in te r fa c e s , and the gradual decrease o f p a r t ia l  
co n ta ct between the in te r fa c e s  o f the castin g  and the  
mould* R eferring to  f ig *  22 , a l l  the heat tra n sfer  
ra te  curves showed very high heat tra n sfer  ra te  due 
to  conduction at the i n i t i a l  stage o f  s o l id i f ic a t io n ,  
and even in  the la t e r  stage the conduction heat tra n sfer  
was s ig n if ic a n t ,  as shown by the t o t a l  heat tra n sfer  
being much higher than that o f  the maximum p o ss ib le  
rad iation , heat tra n sfe r  rate alone* In the in v e s t ig a t io n  
o f conduction heat tr a n sfe r , the c h ie f  d i f f i c u l t i e s  
were the measuring and ca lcu la tin g  o f  a ir  gap th ick n ess , 
i i *  Conduction heat tran sfer coeffic ien t.,,o f,_ th e..a&JLgafc 
The conduction heat tra n sfer  c o e f f ic ie n ts  fo r  a ir  
gap th ick n esses  o f  1/10G0, 2 /1 0 0 0 , and up to  20/1000 
in ch  covering the range o f temperatures from 0 to  6 0 0  F,  
were k indly provided by Fishenden o f Imperial College*  
R eferring to  the data o f a ir  con d u ctiv ity  in  the book,
“The C a lcu la tion  of Heat Transmission** by Fishenden 
and Saunder, i t  could  be seen th a t t h is  property
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in creased  lin e a r ly  w ith temperature r ig h t  up to  200Q°F* 
T h erefore, i t  was thought sa fe  to  extend l in e a r ly  the  
data o f  conduction h eat tran sfer  c o e f f ic ie n t  a v a ila b le  
up to  much higher temperatures#
The conduction through 1 /1000 , and 2/1000 in ch  
a ir  gap s, could be seen  to  be very considerable indeed , 
See f i g .  2% • In the ea stin g  problems, provided th a t  
the v a r ia tio n  o f a ir  gap th ickn ess w ith time were known, 
i t  would be easy to  apply the data a v a ila b le  to  draw 
up the v a r ia tio n  o f  conduction heat tra n sfer  c o e f f ic ie n t  
w ith  time* Gases in  the casting/m ould gap might not  
be a ir  a lon e , but i t  was thought th a t  the conduction  
through a ir  was a good approximation, fo r  a mixture 
o f gases whose com positions were exceedingly d i f f i c u l t  
to  determine*
By subtracting the rad ia tion  heat tran sfer ra te  
from the t o ta l  heat tra n sfer  r a te ,  the conduction heat 
tr a n sfe r  ra te  could  be obtained* The a ir  gap th ick n ess  
th a t would g ive t h is  conduction heat tran sfer ra te  could  
be worked out read ily*  Thus the v a r ia tio n  o f a ir  gap 
th ick n ess w ith  time could  be found by th is  In d irec t  
method, using the heat tran sfer  ra te  graphs o f f ig *  22 • 
i i i *  R adiation heat tra n sfer  c o e f f ic ie n t  o f  a ir  gap
The heat tra n sfe r  by ra d ia tio n  between two su rfa ces, 
i s  independent o f the d istance between them, and depends 
only on the tem peratures and e m is s iv it ie s  o f the two
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surfaces*  I f ,
H i s  the rad ia tion  heat tra n sfer  ra te  in  cal/m in/cm 2 
between the ca s tin g  and the mould,
e and em are the e m is s iv it ie s  o f  ca stin g  and mould 
in te r fa c e s  r e sp e c t iv e ly ,
0C and 0m are the in te r fa c e  temperatures in  °C o f  ca stin g  
and mould r e sp e c t iv e ly ,
cr i s  the Stefan*s co n sta n t,
th en , the ra d ia tio n  heat tran sfer  formula can e a s i ly  
he shown a s ,
H* “ 7T(ff5l77iTi(e‘+mr- (a" + mf] ^
For a s t e e l  ca s tin g  in  a c a s t  iro n  mould, the 
e m iss iv ity  va lu es used hy Fowler and Savage w eret- 
ec * 0*53 fo r  unoxidized s t e e l ,
ea  e 0 ,9  fo r  ox id ized  c a s t  ir o n , and
cr ** S i , 6 x  10“12 cal/min/cm 2/ 0^  *
XI?
3»3 Boundary conditions, fo r  the hydraulic analogue 
A complete network of both the casting  c i r c u i t  
and the mould c i r c u i t ,  would requ ire  a la rg e  quantity  
of hydrau lic  analogue components* Paschkis in  h is  
e le c tr ic a l  analogue experiment of a f i n i t e  cy lin d rica l 
casting  in  sand mould, neglected  the mould c irc u it*
This was possib le  because the  sand mould in te rfa c e  temperature 
was found by the temperature measurement experiments, 
to  be m aintained a t  the Riemann temperature of about 
2 ,W t°F  during most of the freezing  period; and the 
boundary cond ition  was simply th a t of constan t tem perature.
I t  was p ossib le  to  do away with the mould c i r c u i t  fo r 
problems of ca s tin g s  in  th ick  walled metal moulds or 
water cooled moulds, i f  a reasonable boundary condition 
a t  the easting/m ould in te rfa c e  could be found*
&• R elationsh ip  between the in ter fa ce  temperatures o f
3&S. p aouM
By very ca re fu l study of the av a ilab le  graphs and 
data  of th ick  c a s t i ro n , and water cooled moulds, i t  
was found possib le  to  r e la te  the casting  and the mould 
in te rfa c e  tem peratures, w ith a s tra ig h t line*
R eferring to  f i g .  23, the mould in te rfa c e  tem peratures 
were fix ed  a t  1,800°F and 200°F, when the  casting  
in te rfa c e  tem peratures were a t  3,0°0°R and h*00°F 
respectively*  This was a bold assumption, but i t  was 
based on the experimental data  of temperature
(continued p*119)
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measurements. By th i s  s tra ig h t l in e  re la tio n sh ip , the 
in te rfa c e  tem peratures of the castin g  and the mould 
were connected up.
I t  was assumed th a t  the mould in te rfa c e  was 
instan taneously  heated up to  1,700°F a f te r  teeming, 
and th is  tem perature was maintained u n t i l  the casting  
in te r fa c e  tem perature f e l l  ju s t  below the so lidus 
tem perature of 2,680°F* Then, the mould in te rfa c e  temperature 
was adjusted w ith respec t to  the casting  in te rfa c e  
tem perature, follow ing the s tra ig h t  l in e  re la tio n sh ip  
o f f i g ,  23 ,
b . Assumptions of th e  a i r  ga/a th ickness and i t s  manner 
of formation
This was a very d i f f ic u l t  problem, due to  the lack  
of experimental d a ta . I t  was assumed th a t an a i r  gap 
th ickness of 1/1000 inch was c rea ted  immediately a f te r  
teeming, This a i r  gap th ickness was maintained throughout 
the experiment* I t  was also assumed th a t once an a i r  
gap was formed, the  a i r  in side  the gap would have the 
mean temperature of the two in te r fa c e s .
R adiation heat tra n s fe r  r a te s  a t  d iffe re n t in te rface  
tem peratures of the casting  and the mould, were ca lcu la ted  
using eq, 0+7) , and a graph was p lo tte d  to  compare the 
conduction and ra d ia tio n  heat tra n s fe r  ra te s  as shown 
in  f i g ,  2b* , I t  could be seen th a t the ra d ia tio n  heat 
tra n s fe r  ra te  only amounted to  about 10$ th a t of the
(continued p,121)
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conduction, and was th e re fo re  neglected*
th e  assumptions would probably be open to  critic ism s*  
The boundary conditions fo r  the l a t e r  stage in  the 
cooling of casting  might he improved, by increasing  
the a i r  gap th ickness gradually  from 1/1000 to  10A000 
inch and by including the ra d ia tio n  heat tran sfer*  As 
ac tua l experimental data  on the casting  in  water cooled 
moulds were lack ing , a constan t a i r  gap th ickness of 
1/1000 inch might be a good approximation*
The boundary conditions assumed would, no doubt, 
hold qu ite  w ell during the  i n i t i a l  and interm ediate 
stages of s o l id if ic a t io n  and cooling* These stages were 
by fa r  the most im portant, and I t  was thought th a t the 
boundary cond itions during the la te r  stage would a f fe c t 
the r e s u l ts  very s ligh tly*  The re su lts  of the hydraulic 
analogue were quite  reasonable, ind ica tin g  the co rrectness 
in  handling th is  most d i f f i c u l t  boundary condition 
fo r  the in te rfa c e s  of the casting  and the mould*
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**•1 leuulrem ents on the hydraulic analogue
l a  p r in c ip le , the hydraulic analogue i s  very sim ilar 
to  the e le c tr ic a l  re sis tance-capacitance  analogue*
The immediate, advantage of the hydraulic analogue, i s  
the  much longer experimental tim e. I t  i s  qu ite  easy 
to  use more viscous o i l  or sm aller c a p illa ry  tubes, to 
prolong the experim ental time* The adjustments on the 
various components can be c a rr ie d  out manually a t  ease, 
and recording can be taken by camera a t su itab le  time 
in te rv a ls ,
a . D eta ils  of the casting  problem
The c y lin d r ic a l  casting  was of diameter 2 f t  and 
of heigh t 2-k f t  * I t  was assumed th a t  the e f fe c ts  of 
r i s e r  and gating fo r  th is  casting  were absent in  th is  
id e a l case. The c a s t  metal was SAE 1020 s te e l  whose 
v a r ia b le  thermal p ro p e rtie s  w ith temperature were given 
in  a paper by Knuth and Khram, reproduced In  fig*  25 •
The problem was so chosen th a t  the heat tra n s fe rs  
across the c y lin d r ic a l  surface and the c irc u la r  end 
su rfaces were a l l  im portant. Due to  the cy lin d ric a l 
symmetry, only the heat flow in  the wedge as shown 
in  f i g ,  26 had to  be considered, because the isotherm s 
were of concentric c i r c le s .
The ca s t iro n  mould had a w all thickness of $  f t  , 
and was water cooled outside th is  w all, a l l  round the
(continued p ,125)
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c a s tin g . Molten s te e l  was poured a t  2,97G°F, and the
mould in te rfa c e  was immediately heated up to  1,700°F •
to  a i r  gap of 1/1000 inch  was assumed to  m aintain
throughout the s o l id if ic a t io n  and cooling periods* The
boundary cond itions a t  the casting/m ould in te rfa c e s
were ou tlined  in  d e ta i ls ,  in  the previous chapter,
b* F in ite  d iffe rence  network fo r the casting
The wedge of the casting  as shown in  fig*  26 ,
was divided by equal ra d ia l  and ax ia l mesh leng ths of
3 inches. The mass of each element was assumed to
concentrate a t  the nodal po in t M * I t  was shown in  Pt I
work th a t the  concentration  of mass a t d if fe re n t lo ca tio n s
w ith in  the element did not a l t e r  the accuracy of the
re s u l ts  to  any no ticeab le  degree*
Twenty cap ac ito rs  and nine boundary tubes were
requ ired , and in  between them fo rty  v ariab le  re s is to rs
had to  be in s ta lle d *  Many b rass f i t t in g s  used fo r the
cap ac ito rs , the v ariab le  r e s is to r s ,  and the boundary
tubes, had to  be machined through a number of processes,
although many standard n u ts , washers, and jo in ts  were
used in  the  assembly as shown in  f ig ,  27 *
c* Device fo r  the  v a r ia tio n  of spec ific  heat and 
density"w ith  tempera^ureT
The product o f sp ec ific  hea t and d en sity , determines 
the heat capacity  of an elem ent, and i s  represented 
by the f lu id  capacity  a t  the nodal point of the  hydraulic
(continued p*127)
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analogue. As the h e ig h t of the f lu id  in  the  capacito r 
tube i s  to  represen t the temperature of the c a s tin g , 
i t  i s  possib le  to  vary the area of the capacito r tube 
w ith he ig h t in  sttch a way as to  sim ulate the v a r ia tio n  of 
th e  product of G x p , w ith temperature*
Perspex tubes o f one inch o u ter diameter and of 
d if fe re n t  inner diam eters were chosen to  be the capacito r 
tu b es , and they were f i t t e d  in to  the  b rass f i t t in g s  a t 
the nodal points* Brass rods were hung in side  the Perspex 
tu b es , and the  rods were machined in  such a way th a t  
the  requ ired  cap ac ito r areas a t  d if fe re n t  heights were 
provided, see fig*  28 * Shallow grooves of rin g s were 
cu t ou tside the cap ac ito r tubes to  mark the h e ig h ts , 
rep resen ting  0 , 1000, 2000°F * White p a in t was smeared 
in to  the groove of the  r in g s , so th a t  these marks could 
be c le a r ly  photographed during the  experiments*
w ith % e :^  ** ' ^ ^  **' ^''rC' ^
The capacito r tubes were connected up by two equal
len g th s  of c a p illa ry  tubes, w ith a v a riab le  r e s is to r
between them. V aria tion  of thermal conductiv ity  could
be sim ulated by the  v a r ia tio n  of re s is ta n c e  to  f lu id
flow  in  the analogue, because the conductiv ity  was the
re c ip ro c a l of the resistance*
The v ariab le  r e s i s to r  consisted  of a p u sh -fit
Perspex plug in s id e  a brass f i t t i n g ,  see fig* 29 •
Grooves were cu t to  d iffe re n t depths and widths on the
(continued p*131)
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The c a p a c ito r  tube has w hite  engraved r in g s  
re p re se n tin g  0 , 1000, and 2Q00°F and i s  d r i l l e d  n ea r 
th e  bottom w ith  fo u r  h o le s  o f •§ in ch  d iam eter a t  r ig h t  
an g le s  to  one a n o th e r , so th a t  o i l  flow in  and ou t of 
th e  c a p a c ito r  tube i s  no t h in d e re d . The te le s c o p ic  tube 
has "0'*' r in g s  to  ho ld  i t s  s l id in g  component tu b es  in s id e  
one ano ther a t  any re q u ire d  p o s i t io n .  The b ra ss  rod 
vary in g  in  c r o s s - s e c t io n a l  a re a  along i t s  le n g th  i s  
suspended in s id e  th e  c a p a c ito r  tube during an experim ent.
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The v a r ia b le  r e s i s t o r  c o n s is ts  of a b ra s s  f i t t i n g  
w ith  only two connections f o r  th e  c a p i l la ry  tu b es lo c a te d  
d ia m e tr ic a lly  o p p o site  to  each o th e r , and a Perspex rod 
w ith  a machined groove n ea r th e  bottom vary in g  in  w idth 
and dep th  along  most p a r t  of th e  c ircu m feren ce . The H0,t 
r in g  on th e  P erspex  rod  i s  f o r  th e  se a lin g  p u rpose . The 
Perspex rod  in s id e  the  b ra s s  f i t t i n g  can be s e t  a t  
d i f f e r e n t  an g u la r  p o s i t io n ,  g iv in g  d i f f e r e n t  r e s is ta n c e  
to  th e  flow  of o i l  through th e  groove.
F l£  1*\
1 3 0
During th e  ad justm ent of th e  v a r ia b le  r e s i s t o r ,  
th e  p r o tr a c to r  w ith  an alignm ent lim b i s  b rough t f lu s h  
w ith  th e  su rfa c e  o f the  b ra ss  f i t t i n g  and th e  Perspex 
rod  i s  tu rn ed  to  th e  re q u ire d  angu lar p o s i t io n .
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circum ference of the p lug , extending over an angle of 
about 300 degrees* For the f lu id  to  flow from one capacito r 
to  the  nex t, the f lu id  had to  flow pass one c a p illa ry  
tu b e , through the groove passage of 180 degree angle, 
and f in a l ly  through another c a p illa ry  tube* The plug 
could be turned manually in side  the brass f i t t i n g ,  and 
d if fe re n t  s tre tc h  of the groove could be In serted  in to  
the f lu id  passage to  give d if fe re n t re s is ta n c e .
The v ariab le  r e s i s to r  had to  be ca lib ra te d  against 
a standard leng th  of c a p illa ry  tube , a t  d iffe re n t angular 
p o s itio n s  of the p lug . The f lu id  heigh t a t the v a riab le  
r e s i s to r  might be taken as the mean f lu id  height of the 
two adjacent c a p a c ito rs . The se ttin g s  of the v ariab le  
r e s i s to r  could be programmed to  correspond with the 
mean f lu id  heigh ts to  sim ulate the v a ria tio n  of thermal 
conductiv ity  with tem perature, 
e . Device fo r  the la te n t  heat
At the p a r tic u la r  height on the  capacito r tube 
rep resen ting  the mean s o lid if ic a tio n  temperature of 
2,720°F , there  was a Perspex boss. Chloroform was used 
as a jo in t  compound, and the jo in t  was as strong as a 
so lid  piece able to  stand up to  d r i l l in g  and su rfacing .
A h o rizo n ta l Perspex tube of small s ize  was connected 
to  the  Perspex boss, serving as la te n t  hea t volume, 
see f i g .  28 .  A p u sh -f i t  p iston  in s id e  the la te n t  heat 
tube could be ad justed  to  give the exact la te n t  hea t
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volume requ ired . The volume of la te n t  heat was re la te d
to  the  volume of sp e c if ic  heat of the element , by the
fa c to r  A = la te n t  heat
sp ec if ic  heat •
Device fo r  the boundary conditions 
For a water cooled mould# the mould in te rfa c e  
tem perature could be re la te d  to  the casting  in te rfa ce  
tem perature, as ou tlin ed  previously* At the boundary, 
i t  was necessary to  f i t  te lescop ic  tubes in side  the brass 
f i t t in g s #  fo r  the adjustm ents of mould in te rfa c e  temperatures* 
The te lesco p ic  device consisted  of four lengths of 
Perspex tubes of s lid in g  f i t  in s id e  one another, and 
they could be secured a t  the requ ired  positions using 
t ig h t  washers. The te lescop ic  tubes were adjusted to  
the requ ired  heigh ts corresponding to  the capacito r 
tube f lu id  heights represen ting  the casting  in te rfa c e  
temperatures*
The conduction hea t tra n s fe r  c o e ff ic ie n t varied  
w ith the mean in te rfa c e  temperature* The v a ria tio n  of 
heat t ra n s fe r  c o e ff ic ie n t was f a c i l i t a t e d  by the use 
of v a r ia b le  r e s is to r  whose se ttin g s  were programmed 
to  correspond w ith the  mean in te rfa c e  f lu id  heights*
£33
**•2 The app lica tion  of f in i t e  d iffe ren ce  equations 
to  the hydraulic analogue
Consider the element of mass* as shorn in  f ig .  26 •
H i s  the hea t f lu x , and G i s  the heat generation per 
u n it  volume# S i ,  6 z , S0, are ra d ia l ,  a x ia l ,  and angular 
increments# K, C, p , a re  thermal conduc tiv ity , sp ec if ic  
h e a t, and density  of the  m aterial* S uffix  r  and z denote 
space co -o rd inates in  the  ra d ia l and the ax ia l d irec tio n s . 
Excess hea t flu x  ra d ia lly  in to  the elementary mass
Excess hea t f lu x  a x ia lly  in to  the elementary mass 
» -  s z  SR a.j4>
The r ise  in  temperature within the elementary mass 
i s  due to the heat flu x  stored, and the heat generation 
within the element* As Hr 85”K , an&Hz 
we have by considering the heat balance of the element,
"4 [R(-K-i) ***♦!C p S R S z  " H
+ Q %R %Z
For uniform cy lin d er with no hea t generation , the 
heat flow  equation i s  reduced to
b ® i
CR ?
J L
bR (RKM)ir(RK I) <W)
13*+
where 9 i s  the tem perature of the element, and t  i s  
the tim e,
a . F in ite  d ifference equations fo r  the heat flow
In  the  f in i t e  d iffe ren ce  network fo r  the casting  
problem, R » r<SB and 2 « z&Z , where r  and % are  
in teg e r numbers#
r+t,x
r, z-i
U—$>Z
r-i,z
V^X-H
Considering the po in t r ,  z , we have
R bR
and
Hr,z  S R
R r + r  +  R ,
SR r+i
eA
~L~ <L- la u 
P? bZ V r b'L j
} t
R r<1 S 2
Rz„ + R z \  K
* , s z ( e - - e *)_
♦ i'R* + ^ i L ( e z +, - 0 t)
S u b stitu tin g  the  above expressions in to  eq# (*+8), 
and noting  th a t f?r., = (Rr ~gR) * Rr+i  * ( R r + SR) »
Rz = Rz_, , and £R « 8 Z used in  the
castin g  network, we have
Cf>(SR)2
'SX.i
S e k  ( i - - 2 r ) ( e r - . - 6 r ) -  k { 1 + i f ) ( e , r - e ^ )
K  ( 0 2 * 1  ~©x) *  K  ( 6 x -  £z-h)1
X
(*+9)
J r
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where s u f f ix  h  and f  denote the heat flow and the f lu id  
flow respectively*
F lu id  flow equations In  the hydraulic analogue 
For the po in t r , z  , the f lu id  flow in stead  o f the 
heat flow i s  now considered* The head r i s e  S r in  the 
capac ito r tube located  a t  po in t r ,z  , i s  due to  the 
net inflow  from a l l  the adjacent cap ac ito rs  in  both 
the ax ia l and the ra d ia l  d irections*
I f  F i s  the f lu id i ty  of c a p illa ry  tube connecting 
two cap ac ito r tubes of u n i t  f lu id  head d iffe ren ce , then 
we have,
where S r,z i s  the c ro ss-sec tio n a l area of the capacito r 
tube a t  po in t r , z  *
In  the hydraulic analogue Hr,z i s  to  rep resen t 
Qr,x > and the r a t io s  of the c o e ff ic ie n ts  of Q and H 
in  the heat flow and the  f lu id  flow equations o f (h9) 
and (50) must th e rfo re  be equal*
C p M l/ s t K K ( I -  j r )
S'-r- z /§ t f  F r- i , r
* K  _ _
r,r-H
K (51)
and
2  r -
l e t  f  be the referen ce f lu id i t y ,  and to  s a t is fy  
eq* (51)* we must have 
Fr-i, r = (2 r - l )  f
F ►*, r+» ® (2 r+ l) f
Using eq. (51)* th e c r o ss -se c tio n a l area o f the 
ca p acitor  tube at p o in t r ,z  can be found#
The con stant i s  the referen ce c r o s s -se c t io n a l area s  •
Equations (52) and (53) g iv e  the re la tio n sh ip s  
between th e ca p illa ry  tubes and the cap acitor tubes 
a t d if fe r e n t  space co -ord in a tes o f  the hydraulic  
analogue network*
c .  Boundary con d ition  equations fo r  the hydraulic analogue 
K eferring to  f ig #  2 6 ,  i t  could be seen th a t the  
wedge o f the ca stin g  fo r  the in v e s t ig a t io n  o f two 
dim ensional heat flow , was divided r a d ia lly  in to  four 
mesh le n g th s  o f  3  inches* and a x ia lly  in to  f iv e  mesh 
len g th s o f 3  inches# In other words, the space co -ord in ates  
r varied  from 1  to  *f from the a x is , and z  varied  from 
1  to  5  from the mid plane o f  the c y lin d r ic a l castin g
(52)
« constant x  r
Thus,
and
S r = r 8  
Sr*« ® (r+1 ) 8 (53)
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perpendicular to  the  ax is . Whenever, r  « k and z = 5 , 
the  space co -o rd ina tes  are a t  th e  casting  in te rface*
Let su ffix  t  denote the mould in te rface  condition , 
and h be the hea t tra n s fe r  c o e ff ic ie n t a t the c a s tin g / 
mould in te rface*
1* Radial boundary
The hea t flow equation a t  the boundary in  the ra d ia l
l i*  Axial boundary
The heat flow  equation a t  the boundary in  the ax ia l
d ire c tio n  i s  1 (04 -  8t ) *
and in  f in i t e  d iffe rence  form*
The f lu id  flow equation in  the ra d ia l d irec tio n
and fo r  the hydrau lic  analogue,
and in  the f i n i t e  d ifference form
[ ( e * - 8 t ) - x s r < e * ' 0 ,) L
The f lu id  flow equation i s
and fo r  the hydrau lic  analogue
(55)
1 3 8
£M _jieat flow time and the f lu id  flow time 
Using eq* (51) j the re la tio n sh ip  between the hea t 
flow and the  f lu id  flow times can he found*
using eq . (52) and eq . (53) fo r  Sr and Fr-»,r •
The reference area s i s  fixed  by the sm allest s ize  
of cap ac ito r tube chosen fo r  the hydraulic analogue 
network a t  the datum height* The re ference f lu id i ty  f  
i s  fix ed  by the size  o f c a p illa ry  tu b e , and the v isc o s ity  
of f lu id  used in  the hydraulic analogue experiment*
As a l l  c a p illa ry  tubes are c a lib ra te d  against a 
re ference  tube, then by te s tin g  the reference tube w ith 
the  viscous f lu id  used in  the experiment, the value f  
can re a d ily  be found* F lu id  flow time t f  i s  thus re la te d  
to  the hea t flow time t^  by a co n stan t, which can be 
worked out from eq* (56) •
(56)
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^•3  JB^gng^iLt.he. hydraulic analogue for the casting
a* Design of the capac ito r tubes
Brass f i t t in g s  of 1 inch bore were used to  hold 
the cap ac ito r tubes a t  the nodal points* They were 
s im ila r to  the u n its  used in  P t I  work, except th a t 
many standard components were used to  minimize the machining 
processes* Brass f i t t i n g s  were fixed  on the  p a ra lle l  
s te e l  bars supported by s lo tte d  angle iro n s to  a convenient 
height so th a t  the d ra in s on the brass f i t t in g s  could 
be used w ith  ease, see fig* 31 • A la rg e  tray  mad© 
from s te e l  shee ts was used as a f lo o r  on a la rg e  bench 
to  support the whole hydraulic  analogue, and f lu id  
from the  hydraulic analogue o u tle ts  were co llec ted  
in  th i s  t r a y .
1* D if f ic u lt ie s  in  machining the brass rods
I t  was proposed to  in s e r t  machined brass rods to  
make up fo r  the v a r ia tio n s  of capacito r tube a reas.
I t  was necessary to  remember th a t th ere  was a minimum 
diam eter of brass rod fo r  machining in  order to  avoid 
the w hirling  of the b ra ss  rod in  the la th e  during tu rn in g . 
Brass rods of 18 inch  leng th  were ordered. I t  was necessary 
to  d iv ide the leng th  in to  po rtions, namely two 5 inch 
and two b inch p ieces . A fter machining to  the required  
s iz e s , the four pieces were s ilv e r  soldered together, 
and the jo in ts  were po lished . The o r ig in a l brass rod
(continued p .l^ l)
ih O
This i s  th e  g en e ra l view of th e  h y d rau lic  analogue 
netw ork f o r  a c a s t in g  problem. Each c a p a c ito r  tube i s  
g r a f te d  w ith  a l a t e n t  h ea t tube n ea r  th e  to p , and they 
a re  a t  r ig h t  an g les  to  each o th e r .  Brass rods a re  
suspended in s id e  th e  c a p a c ito r  tu b e s . T elescop ic  tubes 
a re  lo c a te d  a l l  along th e  boundary. V ariab le  r e s i s t o r s  
a re  connected between th e  c a p a c ito r  tu b e s , and a lso  
between them and th e  te le sc o p ic  tu b e s . The e l e c t r i c  
c lo ck  i s  f o r  th e  reco rd in g  of th e  experim enta l tim e .
FIG 3  I
s iz e s  used were 9/16, 1 /2 , 9 / l6 ,  and 7/16 inch fo r 
Si» Sg» S3 , and S^ . resp ec tiv e ly  of the capac ito r tube 
areas in  the ra d ia l  d irec tio n , 
i i*  S election  of Perspex tubes
The Perspex tubes w ith 1 inch outer diameter have 
th ree  standard s ize s  of inner diam eter, namely f , f-t 
and # inch . As the  casting  was divided up in to  four 
rows of elements ra d ia l ly , then  « s when r  « 1 
rep resen ting  the  inner row cap ac ito r tube area a t  the 
datum height should be made up of Perspex tube with 
the le a s t  inner diameter of i  inch* But the brass rod 
s iz e  fo r  6^ was 9/16 inch* She reference capacito r 
tube area was th e re fo re .
According to  the re la tio n sh ip  o f Sp = r  s of
(53), 5= s , S2 « 2 s ,  S3 *= 3 £» an3 Si* » k s ,
were the capacito r tube areas fo r  the rows AA, BB, CC, 
and DD re sp e c tiv e ly , as shown in  fig*  32 * Perspex tubes 
of f  inch inner diameter were chosen fo r  and Sg * 
and o f •§ inch  inner diam eter were chosen fo r  S3 and Si*. 
The Perspex tub© was d r i l le d  a t the bottom end w ith 
four ho les of § inch diameter a t  r ig h t  angles to  each 
o ther so th a t  f lu id  flow through the b rass f i t t in g  
in to  which the capac ito r tube was p laced , was not 
ob stru c ted , see fig*  28 .
(continued p*1^3)
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i i i .  V aria tions of capac ito r tube areas
The v a r ia tio n  of capacito r tube area with height 
was to  take in to  account the v a r ia tio n  of the product 
C x p w ith temperature# According to  the graphs of 
thermal p ro p ertie s  of SAE 1020 s te e l  in  fig# 25 * the 
v a r ia tio n s  of cap ac ito r tube areas of S-^ , S2 , S3 ,
and Si*, ¥er® a l l  worked out in  ta b le  no* 1 * With 
re ference  to  f ig .  32 , the  capacito r tube areas of 
S j included , %  , M3 ,  , and Mj ,
Sg included Mg , , Mg , M9 , and M^ q ,
S3 included , M^ 2 t M^ g ,  M ^ , and M^j ,
Sij. included M^ g , , M3.8 ,  M-  ^ , and H 20 •
In  choosing the Perspex tubes and the  brass ro d s, 
considera tions were given to  ensure th a t  the viscous 
re s is ta n c e  to  the r i s e  and f a l l  of f lu id  in  the capacito r 
tube was n e g lig ib le , and th a t the miniscus e f fe c t  was 
the minimum*
b* R esistance ra t io s  fo r  the lin k s  in  the hydraulic 
analogue network
From eq. (52) , [ f r . l#r * (2r -  1) f ] z and
no t to  a f fe c t  the  formulae. When r  *= 1 , 2 , 3 , and b- ,
, and the value of z could be seen
» 3 f  1 ?z,3 « 5 t  ,  F 3 A  -  7 f
2®V-»,Z * = ^ f  ,
4 .F %MiZ = 8  f  * (57)
(continued p.lb-5)
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TABLE |
As the re s is ta n c e  to  flow in  the c a p illa ry  tube 
i s  the rec ip ro ca l of the f lu id i ty  F* the re s is tan c e  
r a t io s  should be
Br~«,r 55 ( 2 r -  l) f
and taking f  * 1 , the re s is tan ce  r a t io s  are
Ri,z *= 1 /3  » = 1 /5  » 1 /7  » and
re fe rr in g  to  f ig .  32
f ti, 2 included R& , R7 , Eg v R9 , and Rio ,
E z/3 included R/& * H17 , E /5 j> R 19 # and Ezo ,
5*3,4 included E 2$ t R17 , E 2.5 f R29 ,  and R30 *
f f  ,  _ _ 1_  1 / 2 ,  1 A ,  ( S 9 )
1/ 6'7 ^Et-^x® 1/ 8*
1E 2- included R / , Rz ,  E 3 » and R4  ,
z included Bn » R/z , Bl3 f and E |4 9
included R zt 9 E2Z 9 R , and R24 t
4.R z-^z included R31 z E jz t ®33 t and E34. »
where R rep resne ts  the to ta l  re s is ta n c e  in  a l in k  of 
the  hydraulic analogue, comprising a variab le  r e s is to r  R 
and two fixed  r e s i s to r s  r  , see f i g .  32 •
From eq. <5*0 » * ( n f ^ )  f h * \% *
but from eq. (52)» | f 3/4. « Fr_l/r = (2r * 1) t  » 7 f  •
£B = i  f t  and £2 « £ f t  in  the hydrau lic  analogue network, 
and a t  the datum temperature K * O.OO89 Bfeu/sec/ft/°F 
and I s  0.C&06 B tu /se c /f t2/°F  .
[J? SS O  Q 4 ' 0 &  \ % )  - f i g ---- -------4-itr m «*4>t © ’0 0 8 9  o<877
Xb6
As the  re sis tan ce  i s  the rec ip ro ca l o f f lu id i ty ,  
and talcing f  s i  ,
[b 4, t  » 0.877 T f  85 0.877 (60)
R4/t included Rj6 > B37 , B.yB ,  Rj<? * and R4o f 
see f i g ,  32 .
From eq. (55)» F5,t = hSZK h5] r but
(61)
[ 7 -W  ■ *  2 *  0 r »  «“ 1
1 s t  = 0 .877  -p — = 0 .877  T F f ] r
. E ^ t  = 0.877 ( t )  = ° - 877 t
= 0.877 ( - i)  = 0.877
3S ,=!. t  « 0 .877  ( ± )  = 0 .877 , W
J M t  = 0 .8 7 7 ^ - )  « 0.877
(Rfext included Rg- , a<Rr»r,t E lu d e d  R,5 , 3^ ^ - t  included 
Rjj- f and 4R^ .j.^ . included Rf<r § see f i g ,  32 *
Table no. 2 was drawn to  show the v a ria tio n s  of 
K and h aga in st tem peratures. The change of re s is tan ce  
r a t io s  w ith reference to  the  datum f lu id  height could 
then be worked ou t. I t  was necessary to  po in t out 
th a t  the v a r ia tio n s  of jj£J/41jz and {jK4,s] r were provided 
by the r e s is to r s  [■£?/*]* and [S*^] r * The v a ria tio n s  
of the  boundary r e s is to r s  W z  * » Z&zz&t- »
* an<i <A=r,t. , were only used fo r  the
(continued p.1^8)
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I*f8
v a r ia tio n s  of heat t ra n s fe r  c o e ff ic ie n t h with tem perature, 
c . Design of th e  f ix ed  r e s i s t o r s
C apillary  tubes from d if fe re n t manufacturers were 
f i r s t  studied c a re fu lly . S ta in less  s te e l  tubings of 
accurate manufacturing l im its  were the b e s t, but they 
were very expensive and they were too r ig id  fo r  connections 
to  the  brass f i t t i n g s  i f  they were s l ig h tly  out of 
l in e  during assembly. In  any case , i t  was ra th e r  risk y  
to  t r u s t  the l im its  quoted by the m anufacturers, and 
i t  was decided to  t e s t  each piece of c a p illa ry  tube 
before us© against a reference c a p illa ry  tube. Copper 
tubings were chosen because they were cheaper and more 
f le x ib le .  Copper tubings must have an outer diameter 
o f i  inch fo r  connections at the b rass f i t t i n g s ,  and 
the s izes  of inner diameters ava ilab le  fo r the tubings 
were 1 mm, 22g, 2 ana, 2bg, 26g, and 28g.
C onsiderations had to  be given to  various fa c to rs , 
before f in a l  dec isions could be made.
(1) I t  was b est to  s e t  the capac ito r tubes about 1 f t  
a p a r t ,  and with the  v ariab le  r e s i s to r  in  the middle, 
i t  was only possib le  to  have two leng ths of 3*5 to  ** 
inch  c a p illa ry  tubes serving as the fixed  r e s is to r s  as 
w ell as the connections. The d istance of 1 f t  spacing 
was su itab le  to  allow  room fo r  the adjustment of the 
v a r ia b le  r e s is to r s ,  and also  fo r the photographic recording
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of the twenty cap ac ito r tubes whose regu lar spacings 
avoided the obstruc tion  of v is io n  of one tube in  the 
way of the o ther from a camera placed a t  a su itab le  
angle to  the hydraulic analogue assembly.
(2) To ensure viscous flow w ithin  a l l  tubes, i t  was 
necessary  to  s tr ik e  a compromise between the inner 
diam eters of the c a p illa ry  tubes together w ith the 
v is c o s ity  of f lu id  used , and the approximate span of 
time fo r  the whole experiment.
(3) i t  was found by te s tin g  th a t  the c a p illa ry  tubes 
of small inner diam eters were l ia b le  to  ru s tin g  and 
clogging , and inner diameter s izes  of 2hg or above 
were therefor© p re fe rred .
(h) As the to ta l  re s is ta n c e  to  flow between two adjacent 
cap ac ito r tubes was made up of two leng ths of c a p illa ry  
tubes and a v a riab le  r e s is to r ,  i t  was necessary to  study 
the to t a l  v a r ia tio n  of re s is tan ce  required  during the 
experiment before f ix in g  the r e s is to r s  in  each l in k  
of the  network.
(5) I t  was th e o re tic a lly  possib le  to  s ilv e r  solder 
two p ieces of c a p il la ry  tubes of d if fe re n t inner diameters 
toge ther to  give any re sis tan ce  req u ired , but there  
were many p ra c tic a l d i f f ic u l t ie s .
Through th e o re tic a l  ana ly sis  , the re s is tan c e  r a t io s  
fo r  a l l  the  lin k s  in  the hydraulic analogue network were 
av a ilab le  a t  the datum h e ig h t. A fter many te s t s  using
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c a p il la ry  tubes of d if fe re n t s izes  w ith d iffe re n t types 
of o i l s ,  namely p a ra f f in , v is c o - s ta t ic ,  CS 300, and 
CS 500, i t  was concluded th a t  the c a p illa ry  tubes of 
28g were best fo r  a l l  fixed  r e s is to r s  in  the network 
fo r  th e  casting  problem, except fo r  those along the 
in n er row M , see f ig# 32,  in  which case the 26g c a p illa ry  
tubes were used# For a l l  the in te rn a l  lin k s  of the network, 
the  leng ths of c a p illa ry  tubes were a l l  cu t to  approximately 
3*5 inches# They were a l l  c a lib ra te d  to  accurate values 
ag a in st a re ference  c a p illa ry  tube og 28g. For the 
f ix ed  r e s is to r s  a t  the boundary, sho rt leng ths of 
c a p illa ry  tubes were used because of the small re s is tan ce  
ra tio s*
Design of the v ariab le  r e s is to r s  
The purpose of the v a riab le  r e s is to r  was to  make 
up in  conjunction w ith the two fix ed  r e s i s to r s ,  the 
t o t a l  re s is ta n c e  in  each l in k  of network a t  the datum 
he igh t of the flu id *  In  ad d itio n , they should provide 
the  necessary v a ria tio n s  of re s is tan c es  corresponding 
to  d if fe re n t f lu id  heights during the experiment# 
i*  Basic ideas
As mentioned before, the v ariab le  r e s is to r  was 
made up of a Perspex plug w ith groove extending about 
300 degrees of angle along the circumference. The plug 
could be turned manually in s id e  a two way b rass f i t t i n g , 
in s tead  of the  fou r way brass f i t t i n g  used fo r  the
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cap ac ito r tube# By p lacing  the plug in  d iffe re n t angular 
p o s itio n s , d if fe re n t s tre tc h  of the groove was put in to  
the f lu id  passage to  give the requ ired  resistance#
I t  was exceedingly d i f f ic u l t  to  decide on the shape 
of the groove# The width and the depth of the groove 
had to  vary along the circum ference. Simple mathematical 
an a ly sis  was f i r s t  c a rr ie d  ou t, and although the an a ly sis  
gave some ideas about the dimensions of the grooves 
re q u ired , i t  was no t possib le  to  f ix  any accurate 
dimensions fo r  a v a ria b le  re s is to r  to  cover a p a r tic u la r  
range o f resistance*
An id e a l v a riab le  r e s is to r  would give the minimum 
re s is ta n c e  a t  the zero angular s e t t in g , and as the 
angular se ttin g  was increased  to  about 120 degrees, 
i t  would cover a la rg e  range of re s is ta n c e , varying 
l in e a r ly  i f  possib le  w ith the angle turned# The v ariab le  
r e s i s to r  should o ffe r  as l i t t l e  lo s s  as possib le to  the 
flow , due to  the change of c ro ss-sec tio n a l area of flow 
passage in  the groove#
ii*  Machining considerations..
The machining d i f f ic u l ty  was qu ite  severe* The 
c u t te r  had to  be fed  in to  the c ircum feren tia l groove 
of the Perspex plug, while the plug was turned gradually  
a t  the same time# The m illing  machine seemed to  be the 
only cho ice . The Perspex plug was gripped by the jawa 
of a chuck mounted on the dividing head which was secured
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firm ly  on the bed of the m illing  machine* The c u tte r  on 
the  v e r tic a l  sp indle  could be fed  downwards* Two operators 
were requ ired , one turning the dividing head chuck manually 
while the o ther feeding in  the cu tter*  The operator 
turn ing the d iv id ing  head should read out the angular 
degrees to  the o ther operator who lowered down the 
c u t te r  in  re g u la r increments according to  the angular 
degrees turned* By judgement and experience, i t  was 
possib le  to  know roughly the number of times the c u tte r  
had to  run through the circumference fo r a required  
maximum depth* In  the  case of $  inch maximum depth, 
two runs might be necessary w ith the f i r s t  run to  
1/16  inch only*
The c u t te r  had to  be hand made using high quality  
to o l s te e l fo r  the streng th  required* The c u t te r  was 
of h a lf  round shape, w ith edges ground sharp. C u tte rs  
o f 1 mm, 2 mm, and b  mm, h a lf  round shapes were made.
I t  was found th a t  1 mm c u tte r  was too weak to  be of 
any use* P a ra ff in  was used as the cooling media during 
c u tt in g .
i i i .  P inal decisions
V ariable r e s is to r s  were made using 2 mm, and b mm, 
h a lf  round c u t te r s ,  fed to  a maximum depth of £ inch* 
V ariable r e s is to r s  made from 2 mm c u tte r  were su itab le  
fo r  use in  the inner rows of kk and BB in  the network, 
and variab le  r e s is to r s  made from b  ram e u tte r  were
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su ita b le  fo r  the boundary! see f ig ,  32 * Interm ediate 
v a r ia b le  r e s is to r s  were machined with 2 mm c u tte r  from 
0 to  150 degrees} and w ith h mm c u tte r  from 15G to  
300 degrees* giving la rg e r  range of re s is tan c e  v a r ia tio n s  
su ita b le  fo r  the ou ter rows CG and DD of the netwrok*
A fter the v a r ia b le  r e s is to r  plugs were made* they 
were pu t In to  the two way brass f i t t in g s *  I t  was d i f f i c u l t  
to  have b rass  f i t t i n g s  w ith inner surfaces of p e rfec t 
smoothness, to  make good contacts w ith the Perspex plugs* 
However, each assembly of the v a riab le  re s is to r  was 
c a lib ra te d  a t  d if fe re n t  angular s e ttin g s  against a 
reference c a p illa ry  tube of 28g. The c a lib ra tio n  graph 
w ith flow re s is ta n c e s  in  equivalent leng th s of 28g 
c a p il la ry  tube aga in st the Perspex plug angular s e t t in g s , 
was p lo tte d  fo r  each of the  fo r ty  v a riab le  re s is to rs*
The tru e  range of re s is ta n c e  v a ria tio n s  fo r  each of the 
v a ria b le  r e s is to r  was there fo re  ascertained* 
e» Design of la te n t  hea t tubes.
Perspex tubes of f  inch outer diam eter and of £ inch 
inner d iam eter, were used fo r  the la te n t  heat volumes*
Jk Perspex boss was glued onto the  capacito r tube a t  
the  heigh t rep resen ting  2,720°p from the datum. The 
boss served as a junction  between the capacito r tube 
and the la te n t  heat tube. The la te n t  heat tube was 
in se r te d  in to  the recess of the boss which had threads 
on i t s  outer su rfa ce , and the la te n t  heat tube was
secured in  p o s itio n  by a copper jo in t  nut* A push t ig h t  
p is to n  in sid e  the la te n t  heat tube could be ad justed  
to  give the c o rre c t volume rep resen ting  the quantity  
o f l a te n t  heat*
To find  the la te n t  heat volume, i t  was necessary 
to  consider the  r a t io  A * la te n t  heat fo r  SAE 1020 
s te e l  could be taken as I* » 126 B tu /lb  , and the sp ec ific  
heat fo r  the molten s te e l could be taken as 
C « 0 , l 6h B tu /lb /°P  • As 1 inch height on the capacito r 
tube represented  200°F, the sp ec if ic  heat volume of the 
element a t  2,720°F was ^Jod x  s r) cu* ,
S2 i $3 * and Sj^  9 a t  2 , 720°P , were 0*098, 0 . 20 ,
0*29, and 0*39 sq* in* respectively*  For capacito r tube 
area o f  # the la te n t  h ea t volume of the element was
VlI = A [zoo ^ ')  * X °Yoo~ 58 cu*
S im ila rly , \ x  ** 0 ,75 cu, in ,  ,
* 1,13 cu , in* , Vt4„ = 1*50 cu* in .
The leng th s of l a te n t  hea t tubes should be adequate 
fo r  the volumes of la te n t  heat of the elements* A fter 
some simple c a lc u la tio n s , i t  was decided to  have 3 *
5 , and 7 inch len g th s  fo r the capacito r tubes of areas 
, 83 , and S3 » For the capacito r tube of area
i t  was necessary to  have two la te n t  heat tubes each of
len g th  5 inches, and two Perspex bosses were required  
to  support them* Perspex boss was not strong enough
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to  support la te n t  heat tube length  of more than 7 inches* 
I t  was necessary to  se t the piston- in side  ti-ie la ten t- 
heat tube to  give the co rrec t la te n t  heat volume of 
the element* This was qu ite  ea s ily  c a rr ie d  out by f i l l i n g  
f lu id  in to  the capac ito r tube* For example, i f  100 c*c* 
of f lu id  would give a f lu id  height of 15 inches above 
a datum neglecting the la te n t  h ea t, then 150 c.c* of 
f lu id  should give a reading of 15 inches i f  the ex tra  
50 c.c* represented  the la te n t  heat volume of the element. 
The f in a l  reading of f lu id  height should be above the 
la te n t  hea t tube* A fter the addition  of the f lu id ,  the 
p is to n  was moved u n t i l  the co rrec t f lu id  le v e l reading 
in  the capac ito r tube was obtained*
1* le.slgn-.of. ..the.. r  ec or ding instrum ent s
To take readings of f lu id  heigh ts in  the twenty 
capac ito r tubes a t  time in te rv a ls  varying from k to  
5 m inutes, i t  was only possib le w ith a camera. As one 
operato r had to do a l l  the experimental work including 
the adjustm ents of fo r ty  variab le  r e s is to r s  and nine 
te le sco p ic  tubes, i t  became obvious th a t some sp ec ific  
demands were requ ired  on the camera used.
1 . Requirements on the  camera
To s t a r t  w ith , the  camera should have automatic 
film  advance device, so th a t rewinding of camera spring 
could be avoided. A complete experiment would requ ire  
about 100 frames of f ilm . As the camera would stand
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about 8 to 10 f t  from the hydraulic analogue, a remote 
co n tro l sh u tte r re le a se  seemed to  be e sse n tia l to  save 
running between the camera and the hydraulic analogue 
a l l  the time* i s  the photography was indoor, i t  was 
necessary to  have a slow sh u tte r speed, a la rg e  apertu re , 
and a lens th a t would give enough depth as well as width 
of the  object*
With a l l  these requirements in  mind, many types 
of camera were studied* Indeed, I t  was not easy to  get 
a camera in  the market of reasonable p ric e , yet w ith 
th e  sp ec if ic  requirem ents e s s e n tia l  to  the experiment*
I t  was ra th e r  fo rtu n a te  a f te r  a l o t  of search, the Robot 
Royal 3 6 s  (2%36'mm) m iniature camera was found* I t  had 
a robust b u i l t - in  spring motor which offered  automatic 
advance of 12 (2%36am) frames* With a booster motor 
a ttached  to  the camera, i t  was possib le  to  extend the 
automatic tra n sp o rt to  the complete 51 I t  standard film  
le n g th , giving 36 frames of Ihe frame of
s iz e  (2hx36mm) was reasonable fo r  the proportions of 
the hydraulic analogue measured about 2 f t  height and 
5 f t  width* The camera had a view fin d e r coupled with 
a range finder*
The camera was v e rs a t i le  in  the sense th a t  many 
a u x il ia r ie s  were ava ilab le  to  extend the f ie ld s  o f 
ap p lica tio n s . With e le c tr ic a l  booster motor and attached
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magazines fo r  e i th e r  30 or 200 f t  of film s , i t  was 
p o ssib le  to  take as many frames of film  as requ ired  
in  any experiment* However, the attachm ents were qu ite  
expensive# Three e x tra  HR c a sse tte s  (take up c a rtr id g e  
fo r  standard film  of $-£■ f t )  were ordered# Three film s 
were connected up to  the HB c a sse tte s  before the s t a r t  
of the experiment* A fter one film  was used up, the n es t 
film  could be put in to  the camera in  a m atter of 20 
seconds, w ith some handling p ra c tic e  f i r s t#  About 3 film s 
were necessary to  complete one experiment# A fter the 
f i r s t  f ilm , the  time in te rv a ls  between the  successive 
recordings of the  camera were w ell over 2 m inutes, and 
th ere  was enough time to  rep lace  a new film# 
i i#  Photographic considerations
The camera was f i t t e d  with Schneider Xenar mm 
f /2 .8  lens# With a sh u tte r  speed of i  sec# and w ith 
an apertu re  se ttin g  of f/2#8 , two flood  lamps of 500 
w atts one on each aide of the hydraulic analogue were 
s u f f ic ie n t  fo r  the lig h tin g *  A fter several t r i a l s ,  i t  
was found th a t by p lacing  the camera about 8 f t  from 
the cen tre  of the analogue using the range finder fo r  
accurate s e t t in g , even w ith an aperture  se ttin g  of 
f /2 .8  there  was enough depth in  the film  to give c le a r  
readings on a l l  the capac ito r tubes.
The film  used was a lso  of utmost importance* As
the film  was to  be p ro jec ted  onto a screen w ith the
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readings measured thereon{ i t  was thought best to  have 
a re v e rsa l film  giving p o sitiv e  image* For the (2hx36mm) 
m iniature f ilm , the only product in  the market was Gevaert 
DIA-DIKECT 26 pan rev ersa l film  of standard leng th  54" ft*  
This film  had emulsion notable fo r  i t s  b righ t gradation 
and fineness of grain* I t  had a black a n ti-h a la tio n  
la y e r  between the  emulsion and the film  base, and th is  
la y e r  was elim inated  in  the re v e rsa l bath* Thus a l l  the 
re f le c te d  l ig h t  was absorbed and images of marked 
d e f in it io n  were ensured* The p o s itiv e  images obtained 
in  the film  were p a r tic u la r ly  su itab le  fo r projection*
This film  was however a slow film* But w ith the 
two 500 w atts flood  lamps and w ith  the sh u tte r speed 
o f the camera s e t  a t  j? sec , good photography was produced. 
The experiment took about 8 hours to  complete, and the 
movements of the  f lu id  le v e ls  i n  the  capacito r tubes 
were slow enough fo r  a sh u tte r speed of •§■ see to  give 
s a tis fa c to ry  film s*
To have remote con tro l of sh u tte r  re le a se , a cable 
re le a se  of 20 f t  long was ordered* The camera was mounted 
on a very strong tr ip o d , and th e re  was no chance of b lur 
caused by the wabbling of the camera during photographing* 
An e le c tr ic  clock was placed near the hydraulic analogue 
to  record the experimental time* The clock was s e t  to  
zero hour a t  the beginning of the experiment*
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b-*b- Procedures in  experiment
a* Program ing the v ariab le  r e s is to r s
Table no* 3 showed the to ta l  re s is tan ce  v a r ia tio n s
in  each l in k  of the network w ith re sp ec t to  temperature*
As a ty p ic a l example, using ©q, (58) to  eq* (6i)
,E2., z  « 22*5 in c h e s -of 28g reference tube a t datum 
' tem perature of O F
* 22*5 x \^^  “ 11*3 in
[b 3^ =  22.5 * -jJS j- = in
[ M , =  0*87? [ f ^  0*877 x  6 .b  * %6h in
iX*zft * 0.877 ,Rz.Vr  * 0.877 x 22*5 * 19*7 in
These values were tab u la ted  h o rizo n ta lly  in  tab le  no. 3 * 
From tab le  no* 2 , the v a r ia tio n s  of re sis tan ce  
ra t io s  w ith tem peratures were obtained* As an example, 
the re s is ta n c e  r a t io s  varied  from 1.00 to  l*U-8, when 
the tem peratures v a ried  from Q°F to  1,00G°F • Using 
the values worked out above, we should have
,ITm<2 « x.>f8 x 22.5  = 33A in  a t  l,ooo°F
[ S ^ ]  -  l . w  X fi.Mt- » 9 .5  in  a t  l,ooo°F
These values were tab u la ted  in  tab le  no* 3 » v e r tic a lly *
The to ta l  re s is ta n c e  was mad© up of two fixed  r e s is to r
and one v ariab le  r e s i s to r .  I t  was the variab le  r e s is to r
(continued p*l6 l)
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TABLE 3
i C i
which gave the  v a r ia tio n s  of re sis tan ce  required  during 
the experiment. As an example the l in k  in  the network 
made up of fixed  r e s is to r s  r^  and r^  , and the v a riab le  
r e s is to r  R2 » was considered, see f ig ,  32, The fixed  
r e s is to r s  r^  and were ca lib ra te d  as $.6b and 5.M-6 
inches re sp ec tiv e ly  aga in st the 28g reference tube.
From ta b le  no, 3 t  the to ta l  re s is tan ce  requ ired  a t 0°F 
and 1,000°F fo r  th a t  p a r tic u la r  l in k  were 22,5 and 
33,1* inches respectively*  I t  was there fo re  necessary 
to  ad ju s t the v ariab le  r e s is to r  B2 to  give
[22,5  * ( 5. 6^ ♦ 5 M ) \  * 11A  in  a t  0°F , and 
[33A  -  (%6k + 5 M ) ]  * 22,3 in  a t  i,ooo°F ,
These adjustm ents were ca lcu la ted  fo r  each of the fo r ty  
variab le  r e s i s to r s ,  and the values were tabu la ted  in  
ta b le  no. b- , in  order
I t  was necessary /to  save time during the experiment, 
to  programme beforehand the angular se ttin g s  of the 
v ariab le  r e s is to r s  corresponding to  the f lu id  heights 
a t  the r e s i s to r s .  Forty graphs were prepared , and during 
the experiment once the f lu id  height a t  the variab le  
r e s i s to r  was measured the  angular se ttin g  could immediately 
be ad ju sted .
b . Precautions in  the experiment 
i .  I n i t i a l  m odifications
When a t r i a l  run was c a rried  out on the hydraulic 
analogue, i t  was found th a t  the leakage through the
(continued p ,l63)
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capac ito r tube jo in t was considerable# The *0* rings 
did not sea l the jo in ts  properly# A fter many amendments, 
i t  was re a lis e d  th a t a degree angle sea ting  had to  
be cu t on the brass f i t t i n g  in  order to  secure a p e rfec t 
sea l by squeezing the *0* ring  in to  the seating  by 
tigh ten ing  the  big nut*
V iseo -s ta tic  o i l  was f i r s t  used* but i t  was found 
to  be not viscous enough fo r  an adequate experimental 
time in  which adjustments could be c a rr ie d  out with ease* 
CS 300 o i l  was f in a lly  used giving a to ta l  experimental 
time of about 8 hours, to  cover adequately the 
s o l id if ic a t io n  period and the subsequent cooling period 
of the casting# One gram of red  dye was added to  every 
four gallons of CS 300 o il#  The o i l  was s t i r r e d  a t a 
tem perature o f about 12G°F* This dark red  colour was 
su itab le  because i t  constras ted  the golden shade of the 
brass rod hanging in  the  transparen t g laze of the Perspex 
tube , and i t  a lso  brought out c lea rly  to  s ig h t the 
grooves pa in ted  white on the surface of the capacito r 
tube rep resen ting  0 , 1000, and 2000°F # The dark red 
colour of o i l  was su itab le  in  photographing the apparatus, 
i i#  Carrying out the experiment
To s t a r t  the experiment, a l l  the capacito r tubes 
were f i r s t  f i l l e d  up w ith  o i l  t ig h t  up to  the top , 
rep resen ting  the pouring temperature of molten s te e l 
of 2,970°F. A ll the boundary te lescop ic  tubes were
l6h
ad ju sted  to  a height of 1,700°F, and were f i l l e d  up 
w ith o il*  When th is  was done, the e le c tr ic a l  clock was 
s ta r te d  from zero hour, and the camera was se t ready 
a t  the co rrec t d istance  away* Shots were taken every 
i  min using the remote con tro l sh u tte r  re lease  cab le •
In  between the sh o ts , the variab le  r e s is to r s  and the 
boundary te lescop ic  tubes were adjusted* For system atic 
adjustm ents, the fo r ty  variab le  r e s is to r s  were divided 
up in to  th ree  groups each consisting  about the same 
number of un its#  The th re e  groups were the ra d ia l 
boundary group, the a x ia l boundary group, and the inner 
cas tin g  group* At the beginning of the experiment, the 
inner casting  group scarcely  needed any adjustm ent, as 
the f lu id  heights in  th a t  region changed very s lig h tly *
So the  sequence of operation  was to  have adjustments 
on the ra d ia l  boundary group of r e s is to r s  during the 
f i r s t  time in te rv a l between sho ts , followed by adjustments 
on the ax ia l boundary group of r e s is to r s  during the 
second time in te rv a l ,  and the te lesco p ic  boundary tubes 
were ad justed  in  the th ird  time in te rv a l*  This procedure 
went on continuously*
To f in d  the f lu id  height a t  the v ariab le  r e s i s to r ,  
a ru le  giving d ire c t  reading, of f lu id  height above the 
datum was used, and from the programming graph the 
angular se ttin g  of the v ariab le  r e s is to r  was immediately 
found. The f lu id  height was the mean value between the
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f lu id  heigh ts of the  two adjacent capacito r tubes next
to  the  v ariab le  re s is to r*
i i i *  Experiences in  the  experiment
About one hour a f te r  s ta r tin g  the experiment , the 
change of f lu id  h e igh ts  in  the boundary regions were 
slowed down| and one shot of camera in  every two minutes 
was su f f ic ie n t  fo r  recording# However* the f a l l  of f lu id  
h e igh ts  in  the cap ac ito r tubes of the inner casting  
reg ion  began to  be noticeable* and the  adjustments of 
the v a ria b le  r e s is to r s  In  th a t region should be c a rr ie d  
out in  the sequence of operation# A fter hours from 
the s t a r t  of the experiment* very seldom adjustments 
were needed on the boundary v ariab le  re s is to rs  and the 
boundary te lescop ic  tubes* The complete experiment la s te d  
about 7 to  9 hours, during which period the most im portant 
p a r t  of s o l id if ic a t io n  and the subsequent cooling in  the 
so lid  s ta te  of the casting  were adequately covered* 
Although one operator had to  a tten d  a l l  the experimental 
sequence of opera tion , i t  was not re a lly  so try ing  as
the d e sc rip tio n  would suggest# 
c# Evaluation of re su lts .
Three standard film s were used fo r  each experiment* 
They were sent to  Gevaert Go* fo r development* The film  
came back as s lid e s  which were su itab le  fo r p ro jec tio n  
onto a screen using A ldis pro jector*  For each s l id e , 
twenty f lu id  heigh ts above the datum had to  be measured
X&6
to g e th er w ith twenty reference h e ig h ts . She reference 
he igh ts  on the capac ito r tube represen ted  temperature 
ranges of (0°P to  1000°F) or (1000'°F to  2000°F) .  The 
tem perature could e a s ily  he worked out by comparing 
the f lu id  height w ith  the reference h e ig h t, and by th is  
means the p a ra lla x  e f fe c t on the reading was overcomed.
I t  was quite  labo rious to  take fo r ty  readings on each 
s l id e ,  and th e re  were about eighty  s lid es  fo r  a single 
experiment. With some experience, i t  was possib le  to  
choose h a lf  the number of s lid e s  fo r  r e s u l t s .  The e le c tr ic a l  
c lock  reading represen ting  the f lu id  flow time was also 
taken down fo r  each s l id e . With the re la tio n  between 
hea t flow and f lu id  flow times es tab lish ed , the 
temperature h is to ry  graphs as shown in  f ig .  hO to  f ig .  h8 , 
were plotted* These figu res  represented the temperature 
v a r ia tio n s  in  the  sections AA, BB, CC, DD, 11, 22,
33, M+, and 55j w ith reference to  f i g .  32 .
&* R elating the  f lu id  flow time^,to^theJaeat flow time 
Semi-dynamic or fa ll in g  head method was used to 
c a lib ra te  a l l  the ca p illa ry  tubes and the v ariab le  
r e s is to r s  in  the hydraulic analogue network fo r  the 
ca s tin g  problem. The ca lib ra te d  values fo r  the ca p illa ry  
tubes were shown in  tab le  no* ^  *
Using eq* (25 ), the f lu id i ty  F fo r the c a p illa ry
tube in  the equation Q « F H was
I t  was only necessary to  t e s t  one ca p illa ry  tube in  the 
hydraulic  analogue network to  ob ta in  the re la tio n sh ip  
between the hea t flow and the f lu id  flow tim es fo r  the 
experiment.
The fix ed  r e s is to r s  r^  and rg  in  the network were 
used fo r  th is  purpose. The f lu id  used was CS 300 o i l .
The room tem perature was recorded as 6?°F. The change 
of v isco s ity  of o i l  was n eg lig ib le  due to the steady 
tem perature in  the laborato ry  room. The equivalen t lengths 
o f r«y and rg were ca lib ra te d  as 5*52 and 5*56 inches 
re sp ec tiv e ly  as shown in  ta b le  no. A fter te s tin g  the
two fixed  r e s is to r s  w ith experimental f lu id ,  graphs
were p lo tte d  as shown in  fig* 33 *
From the  slopes of the graphs, 
loge^ j 4 t  * 3*79 *  10-*  sec’ 1 fo r  ry  , and
lo g @|~“^ - r t  « 3*78 x 10" sec- fo r  rg  (63)
From eq. (52), rFz_2 ,K » 2r f  , and
I w t  a ~ r  * 22.5  inches a t  the datum' ine-tjZ i f
t5  ^ was made up by ry  , and rg » and the  v ariab le
r e s i s to r  R4.  whose value a t the datum was 11.  **2 inches*
A s  88 * 7  +  T  &  +  a -4* t
22,5  « 5*52 + 5*56 + 11.H2 (6b)
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As f lu id i ty  was the rec ip ro ca l of the flow re s is ta n c e ,
» i t t
m
~  F(r,) F(ra)
Using eq.(62) and eq*(63), the f lu id i ty  fo r r 7 was 
■F(r  ^ * (3.79 x 10"S  x^t>X = 8.08 x 10“7 f t 2/s e c
where 0 was the  diameter of capac ito r tube used.
Comparing the eq. (6h) and eq. (65) » fo r  t j  
Z 2 £ 5 52
~ I  \ *  r— J — 1  but 2f  ,
L ^(r,} J
f  B  x (8. 08x10"?) * 9.93 X 10"8 f t 2/se e
2  X 2 2 < S
At the datum tem perature of Q°F, p  « *+91 *6 l b / f t ^  ,
K » 0.0089 B tu /se c /f t/°F  , C * 0 .1 1 3  B tu/lb/°F  , 
and £b = 3 inches , s = 0.07286 sq . in .
S u b stitu tin g  these values in to  eq. (56) of 
6 t f
then ,
St K
and i t h * 0.1528 H f
—7 2
S im ilarly  fo r  r$  , ^(rg) “ x f t  /sec
f  -  9 .95 x 10*8 , 6.535  ,
and = 0.153
fhe re la tio n sh ip  was estab lished  fo r  heat flow time 
t  ^  as 0.153 th a t of the f lu id  flow time in the 
hydraulic analogue experiment of casting  problem.
Four id e n tic a l  experiments were c a rr ie d  out to
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a sc e rta in  the reproduction of the r e s u l ts  from the 
hydraulic analogue experim ents. A l o t  of e f f o r t  was 
needed to  work out the r e s u l t s ,  and only two experiments 
were compared* The r e s u l ts  of the two experiments 
cheeked well* The hydraulic analogue r e s u l ts  were 
the re fo re  fu r th e r  analysed* and comparisons were made 
w ith the av a ilab le  data of castin g s  so lid ify in g  in  metal 
moulds from the tem perature measurement* and the 
pour out experiments*
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5*1 Heat ex tra c tio n  by the water cooled mould
a* Hrnnhs. of tem perature aga in st time* along the ra d ia l 
and the ax ia l d irec tio n s  of the casting
By converting the f lu id  h e igh ts  to  tem peratures, 
and f lu id  flow time to  heat flow tim e, the tem perature 
h is to ry  graphs o f fig*  *+0 to  f ig ,  were p lo tte d  fo r  
th e  nodal po in ts  along the d irec tio n s  AA, EB, CC, DD,
11, 22, 33, Mi, and 55,  see the network layout of f ig .  32.
These graphs were im portant because fo r  an experienced 
s t r e s s  an a ly st, he would be able to  fin d  out approximately 
the maximum s tre s s  and i t s  lo ca tio n  during the whole 
period  of s o l id if ic a t io n  and the subsequent cooling 
in  the  so lid  s ta te  of the c a s tin g .
I t  would be q u ite  d i f f ic u l t  to  fin d  out the tran s ie n t 
therm al s tre s s  d is tr ib u tio n s  of the ca s tin g . P la s tic  
s t r e s s  re lax a tio n  would be going on near the m elting 
tem perature of the c a s t  m etal. The s tre sse s  over the 
y ie ld  poin t of the m ateria l during the cooling of the 
ca s tin g  in  the so lid  s ta te  would be re ta ined  as re sid u a l 
s t r e s s e s .  However, th is  f ie ld  of study had to  be l e f t  
to  the thermal s tre s s  experts , but the tran s ie n t 
tem perature d is tr ib u tio n  data would be valuable to  them 
in  th e i r  an a ly s is .
I t  was generally  known th a t the thermal s tre s se s  
were governed by the temperature g rad ien ts w ith in  the
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c a s tin g . On th is  b a s is ,  i t  could be seen from the 
tem perature ©gainst time graphs of fig* i+Q to  f ig .  h8, 
th a t  the  tem perature grad ien ts in  both the ra d ia l  and the 
a x ia l d irec tio n s  were quite considerab le , fo r  a s te e l  
ca s tin g  so lid ify in g  in s id e  a water cooled c a s t iro n  mould.
In  f ig .  b-0 to  f i g .  kS9 both the  casting  and the 
mould in te rfa c e  tem peratures were shown. The mould In te rface  
tem perature curve fo r  d irec tio n  oo in  the network layout 
of f i g .  32, was p lo tte d  in  fig* 23. D irection  oo was 
im portant because i t  was in  th is  d ire c tio n  th a t the 
s o l id if ic a t io n  f ro n t f i r s t  reached th e  cen tre  of the 
c a s tin g . I t  could be seen from f ig ,  23, th a t  the hydraulic 
analogue curve compared favourably w ith a number of mould 
in te r fa c e  tem perature curves of o ther research  workers 
using the tem perature measurement method*
This confirmed the correctness of the boundary 
cond itions assumed, and i t  was the  f i r s t  In d ire c t proof 
th a t the tra n s ie n t  tem perature d is tr ib u tio n s  in  the 
casting  were of the r ig h t  o rder,
b . Isotherm s o f . ca s tin g  during, freezing, and...cooling 
Using f ig .  kO to  f i g .  *+8, i t  was possib le  to  p lo t 
the isotherm al contours of the ca s tin g  a t  d if fe re n t 
time in te rv a ls  by in te rp o la tio n s . These isotherms were 
p lo tte d  in  f ig ,  3*4- and f ig .  3?> giving the movements 
of the liq u id u s and the  so lidus s o l id if ic a t io n  f ro n ts ,  
and the various isotherm al curves, towards the  cen tre
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of the easting* I t  could be seen th a t the spaces 
between the isotherm al curves were widened more and 
more towards the  end of the freezing  period , ind ica ting  
the decrease of temperature g rad ien ts  a l l  over the c a s tin g .
These isotherm al contours were u se fu l in  ca lcu la tin g  
approximately the enthalpy or heat capacity  of the casting  
a t  d if fe re n t  time in s ta n t  a f te r  teeming. The to ta l  hea t 
tra n s fe r  between the casting  and the mould during a 
p a r tic u la r  freezing  period  could be worked ou t. The 
c a lc u la tio n  was however lengthy and laborious* To save 
some ca lc u la tin g  work, i t  was decided to  neglect the 
superheat of the c a s t s te e l ,  and i t  was assumed th a t 
the  therm al p ro p ertie s  of the  s te e l  were of constant 
va lues, namely sp ec if ic  heat C * 0.13 B tu /lb , 
density  p  * *+75 l b / f t ^ ,  and la te n t  heat I* « 125 B tu /lb .
I t  was a lso  assumed th a t  the s te e l had the mean tem perature 
of the two adjacent isotherm al contours. The liq u id  
s te e l  had the enthalpy value of the la te n t  heat plus 
the in te rn a l  energy,
Qmeften3 12? ♦ °*13 (2?20 -  32) * ^75 B tu/lb  .
The volumes between the adjacent isotherm al contours 
were f i r s t  ca lcu la ted . I t  was sometimes necessary to  
d iv ide each volume in to  sm aller p ieces of c irc u la r  p la te s  
and o f hollow cy lin d e rs , and the e n tire  volume could 
be ca lcu la ted  by adding up a l l  i t s  members* The mean 
sp ec if ic  enthalpy fo r  each volume was then ca lcu la ted .
176
By m ultiplying the mean sp ec ific  enthalpy to  the 
corresponding volume, and by adding a l l  the products, 
the to ta l  enthalpy fo r the whole casting  was evaluated# 
Two ty p ica l examples were as fo llow s, using f ig ,  3h 
a t  3*06 minutes a f te r  teeming, the enthalpy of casting
Qs.06= 0*75 B tu /lb  x llh o  lb ) + (336 X 923)
* OQb.h x 1^9) + (272 x 83, 8)
= 1 571 000 Btu*
a t  6,12 minutes a f te r  teeming, the enthalpy of casting
0*75 B tu /lb  x 6?8 lb ) + (336 x 600)
+ (288 x 8% \ + (V72.2 x h92)
. a 1 362 000 Btu. (66)
The method used was only  approximate, but in  casting
problems th is  type of o v era ll estim ations were to le ra b le .
®* Average h e a t t r a n s f e r  r a t e  a t th e  su rface  o f 
th e  c a s t in g
i .  Beat t r a n s fe r  ra te  from the hydrau lic  analogue, r e s u l t s
The to ta l  heat lo s s  from the so lid ify in g  casting  
a t  d if fe re n t  time in te rv a ls  were worked ou t. The to ta l  
heat lo s s  between the  time in te rv a l of 3*06 min to  
6.12 min a f te r  teeming, should be the d iffe rence  of 
the en th a lp ies  of the c a s tin g . From eq. (66),
QJo€-  q 6'fL * 1 571 000 -  1 362 000 S 209 000 Btu , and 
the  hea t ex trac tio n  r a te  i s
H s  B x g tu /h r , a t  the mean
(6IZ~$'OC)
time of b-,59 min from teeming. As the  to t a l  surface
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2area of the ca s tin g  was 21*98 f t  * then the surface
hea t tra n s fe r  r a te  was
S 1*866 x 102 B tu /h r /f t2
Using th i s  method, the hea t ex trac tio n  ra te  and 
the surface heat tra n s fe r  ra te  were ca lcu la ted  fo r  d iffe re n t 
time in te rv a ls ,  and the values were tabu la ted  in  
ta b le  no* 5 * I t  should be emphasized th a t the heat 
tra n s fe r  r a te  was the average value fo r the whole surface 
o f the casting* Due to  the two dimensional natu re of 
the  hea t flow and a lso  to  the corner e f fe c ts  of the  
f i n i t e  c y lin d r ic a l  casting  considered, the h e a t tra n s fe r  
r a te  would vary  considerably over the surface area of 
the  casting* However the average value of the  heat tra n s fe r  
r a te  would show the  type of mould used fo r  the casting  
and the e ffec tiv en ess  of c h il l in g  on the c a s tin g .
In  p ra c t ic e , cy linders of ax ia l leng ths seven 
tim es or more of th e i r  d iam eters, might be considered 
as in f in i te  cylinders* In o ther words, in  the  case of 
*in f in i t e  cy lin d er* , the end e f fe c t  was neglig ib le*  
L inacre, Mackenzie and Donald, and Huddle, in  th e ir  
tem perature measurement experim ents, embeded th e i r  
thermocouples In  a ra d ia l  d ire c tio n  of the mid-length 
plane of th e i r  c y lin d ric a l ca s tin g s  and moulds* Ihey 
considered th e i r  cy linders as ‘ in f in ite *  and due to
i i#
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TABLE 5
the  symmetry of the geom etrical shape the heat flow 
was one dimensional,
% .. $Ql in a c re  used the  equation « K ,
in  ca lcu la tin g  the h e a t flu x  per u n it  surface area 
of the  ca s tin g , hut i t  was not an id e a l method. Ruddle 
mentioned th a t  the temperature g rad ien ts  were very 
steep near the casting/m ould in te r fa c e , and even w ith 
extreme care in  the measurement of tra n s ie n t tem perature, 
e r ro rs  were l ia b le  to  be of considerable magnitude.
Iiinacrel s castin g  was so lid if ie d  in  a water cooled 
copper mould* Although th is  type of mould had the maximum 
p o ssib le  heat t ra n s fe r  r a te ,  but L inacre’s values were 
too high when compared with those of Mackenzie and Donald, 
and of Ruddle. The hea t tra n s fe r  r a te  did not depend 
upon the  conditions of the mould alone. I t  also depended 
very much on the conductiv ity  of the c a s t  m etal. So 
the improvement of the c h ill in g  e f fe c t  on the casting  
would proceed w ith dim inishing re tu rn  on the ra te  of 
s o l id if ic a t io n . Richmond found th a t  a s te e l  c h i l l  th ickness 
of £  to  ■§• th a t  of the casting  sec tio n  thickness would 
be s u f f ic ie n t  to  produce the maximum possib le  c h il l in g  
e f f e c t .  Roth concluded from h is  experiments th a t  a 
water cooled copper mould had s o l id if ic a t io n  ra te  about 
20,f  f a s te r  than a th ick  walled ca s t iro n  mould whose 
w all th ickness was equal to  the rad iu s of the c irc u la r
c a s tin g . I f  L inacre1s heat tra n s fe r  r a te  values were 
accepted, then the  s o l id if ic a t io n  ra te  would be much 
f a s te r  than the 20% quoted by Roth*
Mackenzie and Donald used th e i r  tem perature 
measurement r e s u lts  to  p lo t the isotherm al contours 
a t  d if fe re n t  time in te rv a ls  a f te r  teeming, in  the 
m id-length plane of th e i r  ’i n f in i t e 1 th ree  ton 
duodecagonal s te e l  in g o t. They considered a u n it leng th  
of the eastin g  in  the ax ia l d ire c tio n , arid determined 
the re sp ec tiv e  en th a lp ies  by measuring the areas under 
a s e t of experim entally determined tem perature d is tr ib u tio n  
curves of the mould. Heat lo sses  a t the outer surface 
of the  mould by ra d ia tio n  and convection were taken 
in to  account, but the lo s se s  were found to  be very 
sm all. The heat absorbed by the mould plus the heat 
lo sse s  a t  i t s  ou ter surface during * p a r tic u la r  time 
in te rv a l ,  should be the heat tra n s fe r  from the c a s tin g .
The heat tra n s fe r  r a te  could thus be found. I t  seemed 
th a t  th is  method was most r e l ia b le ,  although the ca lc u la tio n  
was ra th e r  lengthy*
Ruddle’s r e s u l ts  were ca lcu la ted , using a formula 
derived by Jaeger fo r  the  heat t r a n s fe r  through the 
c y lin d r ic a l surface* Ruddle pointed out th a t h is  r e s u l ts  
were only approximate as he assumed a constant in te rfa c e  
tem perature of J&8° C fo r  the s te e l  mould. N evertheless,
h is  r e s u l ts  were of the r ig h t order fo r the heat 
absorp tion  by a s te e l  mould#
The hydraulic analogue heat tra n s fe r  ra te  curve 
was p lo tte d  together w ith those of o ther research  workers, 
in  f i g ,  22 • I t  could be seen th a t  the re su lts  were 
s a tis fa c to ry . The heat tra n s fe r  ra te  in  the water cooled 
c a s t iro n  mould worked out by the hydraulic analogue, 
had higher values than those of th ick  walled c a s t iro n  
mould of Mackenzie and Donald# The r e l i a b i l i t y  of 
Linacre*s values fo r  the water cooled copper mould were 
suspected to  be too high, but the shape of h is  curve 
did  conform to  the general trend* This was the second 
in d ire c t  proof of the  r e l i a b i l i ty  of the hydraulic 
analogue re su lts*
d* Heat e x tra c tio n  b? mould in  B tu/lb of east, s te e l
Graph of heat lo s s  by the  casting  in  BtuAb of
s te e l  aga inst tim e, using the hydraulic analogue re s u l ts ,
was p lo tte d  together with those of Mackenzie and Donald,
and of Fowler and Savage, in  fig*  36 * T heirs were fo r
a 3 bon and a 8 ton ingo ts re sp ec tiv e ly , in  th ick  walled
c a s t  iro n  moulds* I t  could be seen from fig*  36 th a t
the  8 ton s te e l  casting  of Fowler and Savage had lower
hea t ex tra c tio n  r a te  in  B tu/lb  s te e l  than the 3 ton
castin g  of Mackenzie and Donald* I t  was probably due
to  the ’compactness* of the c a s tin g , and the heat
e x tra c tio n  ra te  in  B tu /lb  s te e l  varied  with the size
(continued p , l 83)
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T I M E  IN M I N U T E S
(1) 8 TON STEEL CASTING IN THICK WALL CAST IRON MOULD 
( FOWLER AND SAVAGE )
(2) 3 TON STEEL CASTING IN THICK WALL CAST IRON MOULD 
( MACKENZIE AND DONALD )
(3) 1.66 TON STEEL CASTING IN WATER COOLED CAST IRON 
MOULD ( HYDRAULIC ANALOGUE )
of the casting#
The hea t ex trac tio n  r a te ,  using the  hydraulic analogue 
r e s u l t s ,  was nearly  twice th a t  of the 3 ton  casting  of 
Mackenzie and Donald* This was as expected fo r  several 
reasons as fo llow s,
(1) The ca s tin g  size  was only 1,66  to n s , and the easting  
was of much sm aller volum e/surface r a t io ,
(2) The geom etrical shape of the eastin g  was a very 
•square* c y lin d e r , as compared with the * in fin ite *  
cy linders  o f the others*
(3) The mould was water cooled , and' the hea t ex trac tio n  
ra te  should he 20$ or more than a s im ila r th ick  walled 
metal mould#
In  the  l a s t  sec tio n , i t  was poin ted  out th a t L inacre• s 
surface hea t tra n s fe r  r a te  was very h igh , compared 
with those of the others# The explanation might be the 
smallness o f h is  c a s tin g , giving a very small volume/surface 
ra tio#  His castin g  o f *in f in ite *  cy lin d er, was only 
of 5#73 cms in  diam eter, and the w all th ickness of h is  
water cooled mould was only 0#32 cm# I t  seemed th a t 
such a th in  walled mould would only be used in  experimental 
work fo r  research# For permanent mould, the  w alls were 
u sua lly  designed to  stand the f e r ro - s ta t lc  pressure of 
the molten m etal, and the thermal fa tig u e  due to  repeated  
heating  and cooling of the  castings#
5*2 S o lid if ic a tio n  time fo r casting  
a# Hate of the skin form ation
In  the ea rly  days of research in to  the problem 
of s o l id if ic a t io n  of c a s tin g , pour-out. method was widely 
usedj and the skin th ickness of the casting  formed a t 
d if fe re n t time in te rv a l a f te r  teeming was measured* 
fa rio u s  em pirical formulae were put forward in  the form 
of sk in  th ickness in  in ch es, 5 = q p/1 -  C , 
where t  was the time a f te r  pouring u su a lly  given in  
minutes* Constant q depended on the type of mould used , 
and constan t C was u su a lly  governed by the  pouring 
tem perature or the superheat of the molten metal*
There i s  a th e o re tic a l  background to  th is  type 
of em pirical formula* The formula was u sefu l as i t  provided 
the means of estim ation  of the time requ ired  fo r  the 
complete s o l id if ic a t io n  of the casting* I t  seemed best 
to  in v e s tig a te  fu r th e r ,  s ta r t in g  from the th e o re tic a l 
approach, as to  the lim ita tio n s  of th is  em pirical formula* 
i*  T heo re tica l background of the formula
The hea t conduction equation in  one dimension
, i s  used assuming the therm al d if fu s iv ity
b t  botf
(v » K— to  be constant* Now consider the heat flow 
C p
equations to  the id e a liz e d  s o l id if ic a t io n  problem of 
a sem i-in fin ite  mass of freezing  m etal, in  con tac t with 
a se m i-in fin ite  mould wall*
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Let ©o > 0* y 6, ,  be the tem peratures, K
K» f K2 $ be the thermal co n d u c tiv itie s , and
0 ,
0So *
a ,  » cx7 , be the therm al d i f fu s iv i t ie s  of the mould, 
the s o l id if ie d  m etal, and the molten metal re sp ec tiv e ly .
In  ad d itio n , l e t  L « la te n t  h e a t, p “ density , and 
0^® m elting tem perature of ca s t m etal. I n i t i a l ly  the 
mould tem perature I s  0O» CQ , and the molten metal temperature 
i s  Sz s: Cz • Figure shows the s o l id if ic a t io n  plane moving 
away from the mould surface  a t  d istance x  « D •
Heat conduction in  the mould when x  <  0 ,
IQo ry ©o
•  * 3 ?
(67)
b t
and when x = 0 , 0 O= 8, .
At the m ould/casting in te r fa c e ,
K, bBa (68)
Heat conduction in  the  so lid if ie d  m etal when 0 < x < D,
(69)
and when x * 35 , ©,*
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At the s o l id if ic a t io n  f r o n t ,
- K ,4 |u . <5%
Heat conduction in  molten metal when D < x
at, *
(70)
(71)
The boundary conditions are 
when x * -oc , a  Co
X * *  f " ©*« Cz
when t  a  0 ©o a Co ( X < 0 )
and ©, = 0 Z a C* ( x > 0 )
The so lu tions fo r  eqs* (67), (69)» and (71) are as follows*
0 O » A0 + Bo e r f %
lZvfiwt
008 , a  A, * B, e r f / -  _htet>
0  = Az + Bj e r f l - ~ z \
where erf- s l f  -f * . .
* i* t  m j  e ' d p
But a t  x a  Dj 0 a Qz a 0 ^  f and
At + B , e r f A 2  4* Ba. erfjtiy e.m.
As ©mis a constan t which i s  independent of t ,
e r f = constant
or D * (j \p& (72)
where D i s  the d istance of s o l id if ic a tio n  f ro n t from
187
the  mould and q. i s  a constant* Shis was indeed the th e o re tic a l
pm *
b as is  fo r  the em pirical formula of D = q v t  -  C •
In  the  an a ly s is , the  con tact re s is ta n c e  to  heat flow , 
the  a i r  gap form ation, the v a r ia tio n s  of thermal p ro p ertie s  
w ith  tem perature, and the s o l id if ic a t io n  range of c a s tin g , 
were e i th e r  neglected o r s im p lified . There was, however, 
th i s  basic re la tio n sh ip  of the sk in  form ation being 
p roportional to  the square ro o t of time a f te r  teeming. 
i i«  A pplications in  p ra c tic a l cases
This em pirical formula not only applied to  the 
id e a l case of a se m i-in fin ite  mass o f molten metal in  
con tac t w ith a se m i-in fin ite  mould, but i t  was found 
experim entally  u se fu l to  spheres, c y lin d e rs , and o ther 
f i n i t e  c a s tin g s , in  both the sand moulds and the metal 
moulds, i f  c e r ta in  m odifications were allowed* The reason 
was th a t  a t  the i n i t i a l  stage of fre e z in g , the ex te rn a l 
curvature and the end e f fe c ts  of the  casting  were not 
f e l t  u n t i l  the l a t e r  stages* But fo r  spheres, cy lin d e rs , 
and o ther f i n i t e  c a s tin g s , the s o l id if ic a t io n  fro n ts  
moved towards the cen tre  of the ca s tin g  a t  an acce lera ted  
r a te  of progression .
Some ty p ica l em pirical formula® suggested were 
as fo llow s.
D * l.h 5 \ftT  , fo r  w ater cooled in f in i te  p la te ,  by Schwartz.
D « 1 A 3 / t  , fo r  f i n i t e  square in g o t in  metal mould 
by HcCance.
188
D ** 0 .9 / t  -  0 •12 , fo r  ca s tin g s  in  m etal moulds,
by Chipman and Fonder smith,
There were many o ther formulae of the same form, and
some of them were m odified to  take in to  account the
e f fe c t  o f the pouring tem perature.
For most types o f s te e l s ,  the s o l id if ic a t io n  f ro n t 
had narrow hand between the Iiqu idus and the so lidus.
I t  was q u ite  co rrec t then  to  use the pour out method 
to  f in d  the  s o l id if ic a t io n  tim e. However fo r  a llo y s , 
high carbon s te e ls ,  and c a s t iro n , due to  th e i r  wide 
s o l id if ic a t io n  ranges, the em pirical formulae based 
on the r e s u l t s  of the  pour out methods would give the 
skin form ation of the  Iiq u id u s , The form ation of dendrites 
w ith th e i r  t ip s  coincided w ith the Iiqu idus and th e ir  
ro o ts  coincided w ith th e  so lid u s , would trap  the l iq u id  
metal in  the space between them during the pour-out 
p rocess.
The simple em pirical formulae mentioned above, 
had very lim ite d  sig n ifican ce  in  the l a t e r  stages of 
freezing  of the ac tual c a s tin g s . To make allowance fo r  
the acce lera ted  progression of s o l id if ic a t io n  f ro n t 
towards the cen tre  of the  ac tua l c a s tin g s , Briggs and 
Gezelius suggested the m odification of the  em pirical 
form ulae, using a parabo lic  curve followed by a s tra ig h t 
l in e  in  the form of D « £  t 0'4' + T t  ,
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Although formulae of th i s  form could he an improvement,
hu t i t  would fee exceedingly d i f f ic u l t  to  f i t  an a l l
embracing formulaeto the ac tua l curve of the progression
of s o l id if ic a t io n  front*
h. The, s ta r t, and end-of-freeze-waves
From fig* ho to  fig* hB, readings were taken from
the temperature ag a in s t time graphs of the nodal po in ts
when the tem perature reached: th a t  of the Iiqu idus (2760°F)
and the solidus (2680°F), Fig* 3? was p lo tte d  to  give
graphs of 1d istance of s o l id if ic a t io n  fro n ts  from the
surface* against 1 time a f te r  pouring * , in  d irec tio n s
AAf BB, CC, DD, 11, 22, 33, kb, and 55s the casting
network as shorn in  f i g .  32. By extensions of these
graphs, sim ilar graphs were obtained fo r  the d ire c tio n s
oo and 00. They gave the  time fo r  *the s t a r t  and end
of freeze  waves* to  reach the cen tre  of the ca s tin g .
1* Formula fo r the  start-o f-freeze-w ave
A fter many a ttem pts, a formula of
D * i M J t  -  0 .12 , was put forward fo r  * the s t a r t
of freeze  wave* in  both d irec tio n s  o f oo and 00. This
form ula f i t t e d  the  curves quite w ell in  the i n i t i a l
s ta g e , as shown in  fig*  37 # I t  was ra th e r d i f f i c u l t
to  choose a p e rfe c t formula fo r  the whole s o lid if ic a tio n
period* The formula D ** l.*+3 / T  •  0*12 fo r  the
hydrau lic  analogue, compared favourably with those of
Schwartz, McCance, and Chipman and Fonder smith. This
(continued p.*191)
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was the th ird  in d ire c t  proof of the r e l i a b i l i t y  of the
hydraulic 'analogue r e s u l ts .
There were some data ava ilab le  of *the s t a r t  and
end of freeze waves* in  the published papers fo r  s te e l
ca s tin g s  in  metal mould and ir, sand mould# The hydraulic
analogue graphs compared quite w ell w ith them# The shapes
of *the s t a r t  and end of freeze waves* followed c e r ta in
d is t in c t  p a tte rn s  fo r  eastings of f l a t  p la te s , cy lin d ers ,
and spheres# They were usefu l fo r the study of the
s o l id if ic a t io n  of castings*
i i#  Progression of the s o lid if ic a tio n  fro n ts
The progressions of the Iiqu idus and the so lidus
in  a ra d ia l plane of the easting  a t d iffe re n t time in te rv a ls
were p lo tte d  in  f ig ,  38 * S im ilar graphs of Paschbis
fo r  a c y lin d ric a l ca stin g  in  sand mould of 2 inch diameter
and of 2 inch le n g th , were re p lo tte d  in  f ig ,  39 fo r
comparison# Although d iffe re n t s ize s  of castings and
d if fe re n t  types of moulds were used, the general trends
of the movements of the s o l id if ic a tio n  fro n ts  were similar*
One in te re s tin g  point to bring out was th a t a
convex surface gave s lig h tly  b e t te r  heat tra n s fe r  ra te
than  a f l a t  surface* This was shown both in  the graphs
of Paschkis in  fig*  39, and o f hydraulic analogue in
f i g .  38, The s o l id if ic a t io n  f ro n ts  reached the cen tre
o f the castings sooner in  the r a d ia l  d irec tio n  than
in  the ax ia l d ire c tio n  , fo r  the same d istance of travel*
(continued p,19^)
192
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The s im ila r ity  of these graphs, was th© fo u rth  ind irect, 
proof of the r e l i a b i l i t y  of the hydraulic analogue re su lts*
c . Chvorinov* s square law fo r  castings of f i n i t e  s ize  
Chvorinov put forward two statem ents as follows*
(1) Castings haring the sarr.e shape fa c to r  s o lid if ie d  
in  the same tim e, irre sp e c tiv e  of th e ir  shapes*
(2) The r a t io  of s o l id if ic a t io n  times fo r  any two 
ca stin g s  having d iffe re n t shape fa c to rs , would equal, 
to  the square of th e ir  shape factors*
snid i t s  th e o re tic a l background
The shape fa c to r  was defined as volume/surface area 
r a t i o ,  and had the dimension of the length* The shape 
fa c to r  could always he re la te d  to a c r i t i c a l  dimension 
23 of the c a s tin g . Putting i t  in  another way, the 
s o l id if ic a t io n  time was p roportional to  the  square of 
th is  c r i t i c a l  dimension* There was th e o re tic a l  background 
to  Chvorinov1 s statements*
The- skin form ation formula of D = constan t / ¥  
was proved in  eq. (72) ,  fo r  a sem i-in fin ite  mass of 
metal in  con tac t w ith a sem i-in fin ite  mould* Applying 
eq. (72) to  an in f in i te  p la te  casting  cf th ickness !> 
cooled from both s id es , we have V/2 -  constant J y  , 
where 7". i s  the time of complete so lid if ic a tio n *  
Prearranging the equation ,
y  = constant = y z  p  z
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where q i s  a constant* But 
D * V a volume of :
I  =
In f in i te  p la te
surface area of in f in i te  p la te
as the edge e f fe c t could he neglected  fo r  in f in i te  plate* 
The th ickness B of a la rg e  p la te  i s  th e re fo re  the c r i t i c a l  
dimension and also  the  shape fac to r*  The th e o re tic a l 
b a s is  fo r  the s o l id if ic a t io n  time being p roportional 
to  the  square of the  shape fa c to r  i s  the re fo re  es tab lish ed  
fo r  the  in f in i te  p la te  casting*
Chvorinov* s statem ents were re a l ly  the extension 
of th is  type of formula to  the f i n i t e  eastings* In  1938* 
Chvorinov f i r s t  put forward the equation fo r the freezing  
time of f in i t e  s ize  castings a s ,
where q was a constan t depending p rim arily  on the type 
of mould used* Chvorinov p lo tted  many experimental r e s u l ts  
both of h is  own and of o thers notably those of Briggs
and w ith a good s tra ig h t  l in e  graph he used i t  to 
support h is  claim*
i i*  L im itations of the square law
Chvorinov* s ru le  was very u se fu l to  the p ra c t ic a l  
foundryman, and many research  workers notably Schwartz, 
Paschkis, and P e l l in i , t r ie d  to  apply th is  formula in  
a l l  cases of castings*  As h is  ru le  was re a lly  based on 
the  hypo thetical in f in i te  p la te ,  and did  not take in to
z
(73)
and Gezelius on a graph of loge/)r ag a in s t lo g en H  ,
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account the e f fe c ts  of corners and curved su rfaces, 
i t  was not possib le  fo r  h is  ru le  to  apply accurately  
in  a l l  cases* By and la rg e , eastings of simple shapes 
obeyed Chvorinov*s ru le  f a i r ly  well* C astings with 
appendages and f in s  would deviate from h is  rule* I t  
seemed wrong to  expect high accuracy from Chvorinov* s 
ru le ,  although usefu l purpose was served using h is  ru le  
as a guide* P e ll in i  estim ated an accuracy of + 15% fo r 
the Chvorinov*s r u le , and i t  was a f a i r  assessment* 
i i i *  A pplication of the square law
fhe v a l id i ty  and usefu lness of Chvorinov*s ru le  
was best I l lu s t r a te d  by an example* fhe s o lid if ic a t io n  
time fo r  an 8 inch diam eter long cy linder in  sand mould
was found to  be 55 minutes using the temperature
measurement method in  Naval Research Laboratory Washington, 
by F e ll in i  e t  s i  . Using the  e le c tr ic a l  analyser in  
Columbia U n iversity , Faschkis found th a t  a 2 inch diameter 
long cy linder in  sand mould required  a s o lid if ic a tio n  
time of 3*&5 minutes* For a long cy linder the c r i t i c a l  
dimension was obviously the cy linder diam eter. Using 
Chvorinov*s square law and P e l i in i*s experimental r e s u l t ,  
and le t t in g  T  be the s o lid if ic a tio n  time of the 2 inch 
diameter long cy lin d er, then as
j x  - J i l 1 , z l  = -h i! (M
TV (d ^1 SS C8>
and 'T * 3*Mf minutes* fh is  compared favourably w ith
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Pasehkis* value of 3*65 minutes*
d. Chvorinov* s equation fo r  the s o l id if ic a t io n  time, 
of s te e l  casting , i,n,_sjnd mould
Chvorinov a f te r  many experiments on the s te e l
castings in  sand moulds using the pour-out method,
suggested the em pirical formula fo r the freezing  time
as - r  «
using u n i ts  of inch and m inute.
Ib is  formula should give the time fo r  the Iiqu idus 
(or s t a r t  of freeze wave) to  reach the cen tre  of the 
c a s tin g . For the s te e l  ca s tin g s  due to  the narrow hand 
between the Iiqu idus and so lidus waves, the value 
worked out from the above formula was near enough as 
the tru e  s o l id if ic a t io n  tim e. Chvorinov also  pointed 
out th a t  the e f fe c t of the superheat was simply to  
introduce an induction  period in to  the so lid if ic a t io n  
p rocess, and no s o l id if ic a t io n  took place in  a sand 
casting  u n t i l  v ir tu a l ly  a l l  the superheat had been removed.
Applying Chvorinov* s equation to  a sand casting 
of 2 f t  diameter and of 2|* f t  leng th ,
%  ----------- --------- 3  s  227.5 minutesj j  ^2 . •  5   — .......— --------------------------
[ ^ x ( 2 m f x 2] t  | j i : x ( z x » 2 ) x  (z-y x fz ) ]
This castin g  had the same dimensions as the  one considered 
in  the hydraulic  analogue experiment.
Bishop, Brandt and P e l l in i ,  found from experiments 
th a t a s te e l  bar of 7 inch square took about ^8 minutes
1 9 8
fo r  complete freezing  when c a s t in  sand, as compared 
w ith  10 minutes when c a s t ag a in s t a s te e l c h ill*  They 
deduced th a t a r a t io  of about 5 * 1  could generally  
he talien fo r  the e ffe c tiv e ly  c h ille d  ea s t iro n  mould 
as compared w ith  the sand mould* Roth found th a t  fo r 
water cooled mould* the s o lid if ic a t io n  was 20$ fa s te r  
than  the th ick  w all c a s t  iro n  mould*
Using the re la tio n s  concluded by these a u th o rita tiv e  
research  workers on ca s tin g s , the s o l id if ic a t io n  time 
fo r  a f in i t e  cy linder of 2 f t  diameter and of 2 i  f t  
len g th  in  water cooled mould, would be
'7*  *  JtlZJL x o .$  ® minutes
p
From the graphs of *the s t a r t  and end of freeze  waves* 
in  fig*  37 * i t  could be seen th a t
(1) In  the a x ia l d irec tio n  00, the time taken fo r the 
Iiqu idus and so lidus waves' to  reach the cen tre  of the 
casting  were h7*9 minutes and 62*25 minutes respectively*
(2) In the r a d ia l  d irec tio n  oo, the time fo r  the Iiqu idus 
and solidus waves to  reach the cen tre  of the casting  
were h0*2 minutes and 58*7 minutes respectively*
The ca lc u la te d  time of 36*h minutes compared 
favourably w ith th a t  of h0.2 minutes (the time fo r the 
Iiqu idus wave to  reach the cen tre  of the c a s tin g ) , using 
the re s u l ts  of the hydraulic analogue experiment*
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The accuracy of » 90*7% was w ithin  the accuracy
40-Z
range of £ , Z 0  quoted by F e l l in i  as regards to  Chvorinov* s 
form ula. This was the f i f t h  in d ire c t  proof about the 
v a l id i ty  and the  r e l i a b i l i t y  of the hydraulic analogue 
re su lts#  I t  i s ,  th e re fo re , suggested th a t the hydraulic 
analogue i s  a u se fu l research  to o l fo r  the complex problem 
of the s o l id if ic a t io n  of a c a s tin g .
2 0 0
5*3 .Accuracy o f  hydraulic analogue resu lts:
a* instability of f in i t e  d iffe rence  equations used in  design
i* Equation fo r the castin g  network
I t  was pointed out by von Heumann th a t  an im p lic it 
d iffe rence  equation had the advantage of s t a b i l i ty , 
and he suggested to  rep lace  the heat flow equation of
\  A 0
“ “Sx/8" * the f in i t e  d iffe rence  equation of
(8 w+rSwW 
I t
( e  ty t t  f»yt ! ^  (0W.-H '" f Q - y f *  6 - n - t ) w
(3fc)1 [U)*
where su ff ix  n and m denoted space, and time increments 
reSioeotively# The above equation was a lso  derived by 
Crank and lie o ls o n , see eq* (18) .
This equation in d ica ted  th a t a l l  the tem peratures 
surrounding the nodal p o in t a t which the ca lcu la tio n  
was c a rr ie d  out before and a f te r  the time increment, 
should be included in  the  f in i t e  d iffe ren ce  equation 
to  secure s ta b ility *  As th is  f in i t e  d iffe rence  equation 
was s tab le  fo r  a l l  values of t larg® time
in te rv a ls  in  numerical ca lcu la tio n s  could be used, and 
the tru n ca tio n  e r ro r  was of the order 0 • However
the ca lcu la tio n s  involved many term s, and required  
i t e r a t iv e  procedure* The re la x a tio n  method was u sua lly  
employed in  the numerical ca lcu la tions*
The conditions la id  down by the  above f i n i t e  d ifference 
equation  were s a t is f ie d  by the hydraulic analogue
2 0 1
because, a l l  nodal poin ts were connected up in  a network, 
as they were t ie d  up by a se t of f in i t e  d ifference 
equations* In the numerical c a lc u la tio n s , f i n i t e  in te rv a ls  
of space and tim e were used* But in  the hydraulic analogue 
only f in i t e  in te rv a ls  of space were used* and the so lu tions 
were of automatic a lly  proceeding nature w ith  no trunca tion  
e rro r  in  time*
ii«  Equation a t  the casting/m ould boundary
S ta b i l i ty  of f i n i t e  d ifference equations fo r the 
boundary was in v es tig a ted  fu lly  by P rice  and Slack*
For the r a d ia l  boundary In  the hydraulic analogue,
faking d if f e re n t ia ls  and assuming &t  to  be generally
As |684 | was always le s s  than |S03| , the f in i t e  d ifference 
equation would never cause in s ta b i l i ty ,  
i i i .  Equation fo r the la te n t  heat
The c r ite r io n s  in  the numerical computations of 
the la te n t  heat problems were discussed in  two papers 
by Servant and Slack, and Price and Slack* I t  was f i r s t
and in  f i n i t e  d iffe ren ce  form of eq* (Ufa)
( 9 4 ~  0 - t )  «    |  8 3 - 6 4 -
\  S R  / Jr
or
co n stan t, then h S 3
(76)
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suggested by ly re  th a t  the la te n t  heat could be taken 
in to  account in  the numerical computations by sub trac ting  
or adding . A * degrees of tem perature a t  the
freez ing  point of the m ateria l depending on the heating  
or cooling nature of the problem.
Owing to the f i n i t e  mesh s ize  of the easting  network, 
i t  was possib le  fo r the  s o lid if ic a tio n  fro n t to  remain 
a t one nodal point fo r  so long th a t  the steady s ta te  
conditions would be s e t  up in  the frozen skin* This was 
e sp e c ia lly  serious in  the case of la rg e  la te n t  heat 
occurring isotherm ally* Price and Slack pointed out 
th a t  i f  the dim ensionless group of
— — 1 ------- -^--  £. o -3  (77)
C T  (M + i) ,  where
I* was the la te n t  h e a t, C was the sp ec if ic  h ea t, X was 
the tem perature in  °C between the molten metal a t  the  
cen tre  of the cas tin g  and the surface of the frozen 
sk in , and M was the number of nodal po in ts  in side the 
cas tin g  network, the e r ro r  would no t be s ign ifican t#
For the hydraulic analogue, T was found from the 
tem perature/tim e, graphs of f ig ,  Ho to  fig# h8 to  be 
1,232°F or 666'’C in  the  c r i t i c a l  case . The dimensionless
Sr°UP TOS L = IZ6  0.231
C T ( H + l )  0-164- (4.-M) x & 6 6
The steady s ta te  inaccuracy would be in s ig n if ic a n t in
the hydrau lic  analogue experiment*
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111 the f i n i t e  d ifference equations used in  the 
hydraulic; analogue designs were th e re fo re  s tab le  and 
sa tis fa c to ry .
b* E rrors due to  the f in i t e  d iffe rence  network
In numerical an a ly s is , the use of f in i t e  d iffe rence  
equations gave r i s e  to  trunca tion  e rro rs  and round o ff 
erro rs#  The tru n ca tio n  e rro rs  were due to  the f i n i t e  
in te rv a ls  of spaee and time used# The step by step 
c h a ra c te r is t ic s  of the fin ite , d iffe ren ce  equa tion ,resu lted  
in  the deviation  of the so lu tio n  from the continuous 
fu n c tio n  of the d if f e r e n t ia l  equation* I t  was necessary 
th a t  th is  dev ia tion  should be as small as possible#
The trunca tion  e r ro rs  were of the  orders 0 (Sx)* fo r  
the  space mesh and 0 (St) or 0 (f t)2 fo r the time 
mesh, depending on the. f in i t e  d iffe rence  equations used# 
The accumulation of the un liqu idated  re s id u a ls  
in  the so lu tions by numerical computations, might a ffec t 
the  correct, rounding o ff  a t the nodal points* Due to  
carry ing  a fixed  number of s ig n if ic a n t fig u res  in  the 
numerical com putations, round o ff  e r ro rs  were committed 
a t  every step of the computation* With the use of 
u n su itab le  f i n i t e  d iffe rence equations, the round o ff  
e r ro rs  tended to  bu ild  up and might produce rap id ly  
increasin g  o s c il la to ry  errors* In  some cases, care should 
be taken to  choose w isely the time in te rv a ls !  because 
even i f  there  were no s ig n if ic a n t trunca tion  e r ro rs ,
20*fr
the  mere presence of round o ff  e r ro rs  could s e t  up- 
exponentially  increasing  o sc illa tio n s*
As the computation in  the hydrau lic  analogue was
an autom atically  proceeding opera tion , the case of f i n i t e
time in te rv a ls  did not arise* She trunca tion  e rro r  due
to  the  f in i t e  space in te rv a ls  used, was of the order
0(&xf . As no num erical computation was ca rried  out
in  the process, th e re  could he no round o ff error*
i* Evaluation of the truncation  e rro r  due to  the f i n i t e  
space in te rv a ls
To assess th is  e r ro r ,  the most general method was 
to  compare the f i n i t e  d iffe rence  re su lts  w ith th a t of 
the  an a ly tic a l solutions* The problem of in f in i te ly  long 
in su la ted  bar a t  an i n i t i a l  temperature of © = 0 
heated  up suddenly a t one end to  a tem perature of 8 * 1 
and maintained there  onwards fo r  t  > 0 , was a typ ica l 
case fo r comparison in  the assessment of accuracy of 
the numerical method* The exact so lu tion  fo r  the in su la ted  
bar problem could be found in  "Conduction of Heat in  Solids" 
by Carslaw and Jaeger*
Allen and Severn using th e  re lax a tio n  method solved 
the in su la ted  bar problem w ith 6 space in te rv a ls  and 
9 time in te rv a ls ,  and they found th a t the maximum e rro r 
never exceeded 3$ while most of the e rro rs  were le s s  
than 1$. Liebmann solved the same problem using the 
e le c tr ic a l  re s is ta n c e  analogue w ith  coarse tim e in te rv a ls ,
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and he found a maximum e rro r of about \% and most of 
the e rro rs  of about 1#*
Liebmann in  a two dimensional problem of cav ity  
b rick  ¥8.11 using a f a i r ly  coarse space network, had a 
maximum tru n ca tio n  e rro r  of about 2#, S arjan t and Slack 
used only two space in te rv a ls  fo r  a cooling of casting  
problem, and they assessed a maximum erro r of about 5#«
I t  should be pointed out th a t  a l l  the above numerical 
computations had tru n ca tio n  e rro rs  due to both space 
and time in te rv a ls*  It- was ra th e r  d i f f i c u l t  to  separate 
them* Liebmann used the re lax a tio n  method with R ichardson's 
technique of trdeferred  approach to the l im i t" ,  solved 
the in su la ted  bar problem and obtained an e rro r  of 
about 0*6# with 10 space in te rv a ls*  I t  seemed th a t  th is  
0*6# e r ro r  was due e n t ire ly  to  the trunca tion  e rro r  
o f the space meshes*
Eyres e t a l found a maximum e rro r  of li~# w ithV 'Mmkh wtmmm- r
3 space in te rv a ls  and a maximum e rro r  of O.h# with 
6 space in te rv a ls*  in  th e ir  problem of freezing  of casting* 
I t  could be seen th a t
where 6  was the tru n ca tio n  e rro r  and 'H, was the number 
of space in te rv a ls  used*
In  the hydraulic analogue, the space in te rv a ls
were ** and 5 in  the ra d ia l  and ax ia l d irec tio n s  respectively* 
Using S arjan t and S lack 's  tru n ca tio n  e rro r of 5# fo r
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th e i r  2 space in te rv a l  network, the corresponding
tru n ca tio n  e rro r fo r  b space network would he from
eq.* (78), -f- ■ * and €  * 1*25$ •
& U r
Using Eyres* tru n ca tio n  e rro r of !■§•$ fo r th e ir  3 space 
in te rv a l  network, the  corresponding trunca tion  e rro r  
fo r  b space network would he, from eq# (78),
ill- * ill! , & « 0.8*# .
For the hydraulic analogue r e s u l t s ,  a f a i r  assessment 
of the  maximum tru n ca tio n  e rro r would be about X% 
w hile most of the tru n ca tio n  e rro rs  would be about 0#6$# 
i i#  Damping out of e rro rs
liebmann found th a t in  the e le c tr ic a l  re s is tan ce  
analogue, c e r ta in  averaging e f fe c t was in  existence in  
d irec tio n  of the  space in te rv a ls*  This was physically  
obvious as the nodal po in ts were connected up in  a network*^ 
For the equation D “
where t  « m £'t and x  » n Sx # Using Liebmann* s
f in i t e  d iffe ren ce  form of eq* (16)
An e r ro r  of ** £ in  computation was supposed to  
occur a t  space nodal poin t P ^  and a t time in te rv a l 
(m •  1) , w ith the r e s u l t  of an e r ro r  ^ ^ i n  the
tem perature © afterw ards. S ubstitu ting  e rro rs  
in to  eq# (16) ,
20?
Subtracting eq* (16) from eq. (79) } 
^ n ,m  & ’(z- lo )  t  D
(79)
(80)
As a f i r s t  approximation, i t  was assumed th a t 
then«  0 |
Cp
f n , i
J2. (81)
2 +e> f *v«~» a - t -p
As a next approximation, i t  was assumed th a t
a #*«,»». ~ 0 t tllsn hy applying eq. (80) a t  nodal 
po in ts (n «* 1) and (n + 1 ) , th e  e rro rs  4^ -*,**. and 
were found. Using the eq. ( 8 l ) ,
<p »  ep -  £n-iim rH.+ i,tn (2+b)
M/m (82)
(z + t )
Generally fo r  nodal points tf>H+  ^ where r  was the  number 
o f space in te rv a ls  from PH ,
cf> s  (83)'n - r /m ^n+r, m -p , -U"
The spread of errors: to  the neighbouring nodal poin ts
was there fo re  in  the geom etrically decreasing manner
by the fa c to r  *
Next the spread of e rro rs  in  the d ire c tio n  of time
in te rv a ls  was considered. Using eq. (80) and eq. (82),
4 \n  f  m . —  - (if ♦ D t±> t hut. d? » 6(2 + B}% ,n_'m (z+D)
£
1
I ■+ Zp+P)h(2-+f>)
(81+)
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With very sh o rt time in te rv a ls}  B —*■ oc , then from 
eq. (8b) £  , and from eq. (S3) <pn tr^ ^ o  .
th e  in te rp re ta tio n  was th a t the e rro r 6 remained a t  
the nodal po in t P^  y and was transm itted  nearly  
unchanged to  the next time in te rv a l .
In  the hydraulic analogue} the computation e rro rs  
d id  not a r is e  in  the f i r s t  place* But i f  any s lig h t 
leakage or f a u l t  occurred in  the operation of the apparatus} 
the averaging e f fe c t  of the network would damp out 
simple e rro rs  as the so lu tion  proceeded. The e rro r 
would he localized}  and would spread to  the neighbouring 
nodal po in ts  in  the geom etrically  decreasing maimer,
c . Momentum lo sse s  of f lu id  flow in  the hydraulic analogue..
1 . Nature of momentum losses
In  the hydrau lic  analogue, the lo sses  due to  f lu id  
flow through the entrance and e x i t  of the c a p illa ry  
tube were neg lec ted . By properly rounding the ends of 
the c a p illa ry  tu b e , i t  was possib le  to  cu t down the 
lo s se s  a t  the entrance and the  exit*  The recovery of 
k in e tic  energy of f lu id  flow to  p o te n tia l energy in  
the  capacito r tube was also neg lected . By reducing the 
v e lo c ity  of f lu id  flow , the recovery lo ss  could be 
minimized. Momentum lo sses  a lso  Included the f r ic t io n  
and shock lo sse s  through valves and connectors in  the 
hydraulic analogue, and in  th i s  re sp ec t Knuth and Kumm
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suggested the re la tio n sh ip  of
«(diameter)^ (diameter) ^ (85)Cft.p*Ueu'i| iu f c econnecter'
to  minimize lo sse s  due to  connections in  the apparatus*
The momentum lo sse s  should he p roportional to  the square
o f the f lu id  flow velocity*
i i*  Design parameter fo r  momentum lo sses
From eq* (22), the head lo ss  in  c irc u la r  pipe due
to  viscous re s is tan c e  was
t 32yJN~ . .
H  “ p g d 2 m p S T ld 4'
where X and d were the leng th  and diameter of the 
c a p illa ry  tube respectively*  I f  H was the head to  
cause flow , then
H * ** h * K v*
V PSTrd^/
where h was the  momentum lo sse s  of f lu id  flow through 
c a p illa ry  tube* Rearranging
H
I m y  IG ) I pgTcdV
K
-  1  = /J IM M j  (86)
[ P jT id y_V PS^d
and to  minimize h  , i t  was necessary to  reduce the 
value in  the bracket* The dimensions of the capacitor
tube should be reasonable, and on th is  b a s is
2 . L .Q go D , and H go -p i ,
where L and D were the leng th  and diam eter of the 
capacito r tube respectively*  With the above re la tio n sh ip s ,
-U - Co (-5 *)
Q  D x
2 1 0
TJsing eq* (86) and eq# (87) ,  a hydraulic analogue 
design param eter governing the momentum lo sse s  could 
he derived* I t  was
which should be kept as small as possible* This parameter 
was p ropo rtiona l to  the  percentage e rro r  due to momentum 
lo s s e s , and i t  could be served as a comparison between 
the co n stru c tio n a l e rro r  of one hydraulic analogue and 
another#
i l l *  Estim ation of momentum losses
Moore (1936} and Sco tt (1955)» both estim ated a 
maximum construc tional erro r of about 3$ fo r  th e i r  hydraulic 
analogues using water* Coyle found a maximum constructional 
e r ro r  of about 1% fo r  M s a i r  flow analogue* Knuth and 
Kumi, found maximum e rro rs  of yfi i n  the accuracy t e s t  
o f th e i r  hydraulic analogue using water# As they used 
a network of 10 space in te rv a ls ,  the truncation  e rro r 
due to  the lumping procedure might be of the order o f
0 .6#  to  1% |  and th e i r  construc tional e rro r would be 
around In  P a r t I  experiment transform er o i l  was 
used , and the maximum construction  e rro r  was found to  
be le s s  than 3#*
With eq. (88), the construc tion  parameter fo r  P t I  
experiments using %. » 3*^5 x 10~4 f t/ 's e c  fo r
(88)
x ~
f§
p
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transform er o i l  a t  60°F was
[ F tsT4]
« ------  =j---- a 1.06-
*45X 10 ^ 0<07g7^*j
The construc tion  parameter fo r Knuth and Kumm's hydraulic
analogue experiment using « 1,025  x 10* ^  f t 2/s e c
r
fo r  water a t  72°P was
^  ,  f c ^ 5]  =  l M
?Z 1025X10“* [  . ^ 6 0
L (O .0 € )^ J
The r a t io  of the two construc tional parameters was
<  « ± £ L  « 0.72 
^  I <46
The r a t io  of the maximum e rro rs  in  the two cases was
J l L  a    a  0 . 7 5
4 %
I t  could he seen th a t the  construc tional parameter was 
a p o in te r to  the magnitude of e rro rs  due to  momentum 
lo s s e s .
For P a rt I I  experiment o f hydraulic analogue applied 
to  the casting  problem, the construc tional parameter
using JL = 7.96 x 10"3 f t 2/sec  fo r  CS 300 o i l  a t  67°F
P M S I
wav „ ______Lfcsd_____ _  « 0.184
3 7-9* X 10* f— 2 I)
°  [ (O < 0 9 4 )^ j
P t I I  experiment was compared w ith P t  I  experiment , 
and the  maximum e r ro r  due to  construc tion  was estim ated
a t  3%  x - £ d i ± -  « 0.5$
l <oG
It was rather difficult to choose the typical
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dimensions of cap ac ito r and c a p il la ry  tube in  a hydraulic 
analogue network to  be used In  the  construc tional 
parameter formula of eq. (88). As a guide, the dimensions 
chosen should give the most c r i t i c a l  momentum losses*
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!?A Conclusions 
a* On design
She d if fe re n t aspects o f the hydraulic analogue 
were fu l ly  in v es tig a ted  in  the p resen t research  project*
In  the design of hydraulic analogue fo r any p a r tic u la r
I
problem, many construc tion  d e ta i ls  should be looked 
in to  beforehand* F in ite  d ifference equations were used 
to  guide the whole design, In  complicated problems, 
comparisons should be made between the s im ila r type of 
mathematical equations o f the analogue and the ac tua l 
phenomenon# The usefu lness of th ese  f i n i t e  d iffe ren ce  
equations were shown in  many cases* They gave po in ters  
to  the  need fo r  v a r ia tio n s  in  design of one p a r t  of 
the  hydraulic analogue network to  another. They showed 
th e  scopes to  be played by the v a riab le  components* 
S ta b ili ty  of d iffe rence  equations used in  the 
design were c r i t i c a l l y  surveyed# The hydraulic analogue 
was shown to  be always stab le  by comparison of the network 
w ith  a se t of im p lic it  f in i te  d iffe ren ce  equations*
E rro rs  a t  any nodal point would spread In  geom etrical 
p rogression  towards neighbouring nodal poin ts in  the 
hydraulic analogue network*
In  F art I  work, the concen tration  of mass of element 
in  the  lumping procedure, was investigated*  I t  was found 
th a t  the concen tra tion  of mass could be a t any lo ca tio n  
w ith in  the elem ent, without sa c r if ic in g  any s ig n if ic a n t
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accuracy of re su lt*  The mathematical equations whould 
he based on those chosen locations* This re a liz a tio n  
gave a lo t  of convenience to  the hydraulic analogue 
design* as i t  reduced the range of re s is tan ce  ra t io s  
and capacity  r a t io s  to  be used* 
b* On components
The maximum e rro r  due to  the hydraulic analogue
con stru c tio n  was around Q*5$* The v a ria tio n s  of density
and sp ec ific  heat sim ulated by the v a r ia tio n s  of the
c ro ss -sec tio n a l area of the capacity  tubes, and the
v a r ia tio n s  of thermal conductiv ity  and heat t ra n s fe r
c o e ff ic ie n t sim ulated by the v a ria b le  r e s is to r s  were
/
sa tis fac to ry *  The use of te lescop ic  tubes to  con tro l 
the  boundary tem peratures were simple but effective*
The la te n t  heat tube with s lid in g  p is to n  fo r the 
adjustment of c o rre c t volume was convenient to  make 
and to  use*
The v a riab le  r e s is to r s  using grooves of d if fe re n t 
depths and widths along the circumference of Perspex 
p lugs of push f i t  in s id e  two way brass f i t t i n g s ,  so 
th a t  d if fe re n t s tre tc h e s  of grooves could be introduced 
in to  the flow p a th , were quite unique* Many other types 
used by previous research  workers were e ith e r  too complicated 
or too d istu rb ing  to  the f lu id  flow# For example, by 
in s e r tin g  an ex tra  leng th  of re s is tan c e  tube in to  the 
flow p a th , might take up some of the f lu id  in  the flow
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network to  f i l l  th a t  leng th  of tube f i r s t  giving a 
source of experimental error#
In  fu l ly  a i r  conditioned modern lab o ra to r ie s !  
a la rg e  range of o i l s  can now be used with confidence 
in  the  hydraulic analogue , in s tead  of water and silico n e  
o i l  used previously# A v a r ia tio n  of 2 or 3 degrees of 
room temperature would hardly a f fe c t  the v is c o s it ie s  
of most o i l s .  Transformer o i l f motor o i l ,  and lu b rica tin g  
o i l ,  have the advantage of having no growth of organism 
or algae in  them and of causing no ru s t  and corrosion  
to  the metal surface of the hydraulic analogue components. 
The o i l  used in  the hydraulic analogue should be governed 
by the experimental time required  fo r  the adjustments 
of the  components# 
c# On casting  problem
The hydrau lic  analogue was applied to  a complicated 
problem of s te e l  casting  in  a w ater cooled c a s t iron  
mould# The r e s u l t s  of tra n s ie n t tem perature d is tr ib u tio n s  
in  the casting  were confirmed to  be of the r ig h t  order 
using f iv e  in d ire c t  methods, as there  was no comparable 
d a ta  ava ilab le  from the d ire c t  temperature measurement 
method# The in d ire c t  methods were*
(1) The mould in te rfa c e  tem perature h is to ry  was sim ilar
to  those of water cooled and th iek  wall moulds Investigated  
by o ther research  workers#
• >
(2) The average surface heat tra n s fe r  ra te  was comparable
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to  those of L inacre , Mackenzie and Donald, and Huddle*
(3) th e  graphs of the progressions of liq u id u s  and 
so lidus wav© fro n ts  were s im ila r to  those of P e ll in i  J3& &U 
and of Paschkis*
CO The equation f i t t e d  to  the liq u id u s  wave fro n t 
reaching the cen tre  of the easting  considered in  the 
hydraulic analogue, was sim ilar to  those of Schwartz, 
Chipman and Fondersmith, and McCance.
(5) th e  s o l id if ic a t io n  time derived from hydraulic 
analogue r e s u l t s ,  agreed with the ca lcu la ted  value 
using the em pirical re la tio n sh ip s  suggested by Chvorinov, 
F e l l in i ,  and Roth*
The e rro r o f the hydraulic analogue r e s u l t  was 
w ith in  +2^. I t  was found th a t the maximum tru n ca tio n  
e r ro r  due to  the  f i n i t e  space in te rv a ls  was around 1$, 
and the maximum e r ro r  due to  hydraulic analogue construction  
was around The temperature against time graphs of
fig*  *f0 to  fig* ^8 derived from the hydraulic analogue 
r e s u l t s  were of the co rrec t o rd e r, and they should be 
u se fu l fo r  fu r th e r  stud ies o f thermal s tre sse s  and of 
c ry s ta l  s tru c tu re s  of steel*
An im portant po in t confirmed by the experiment, 
was th a t the assumptions fo r  the boundary conditions 
were fu l ly  ju s t i f ie d .  The water cooled mould in te rfa c e  
temperature should vary with the casting  in te rfa c e  
temperature* In ad d itio n , an a i r  gap of about 1/1000
inch a t  the casting/m ould in te rfa c e  during most of the 
s o l id if ic a t io n  period seemed very probable*
To have reasonable understanding of the a i r  gap 
form ation, the in te rfa c e  tem peratures, the freezing  
range, the heat ex trac tio n  by mould, and the s o lid if ic a tio n  
tim e, the w rite r  would l ik e  to  emphasize the importance 
of analysing very ca re fu lly  the ex is tin g  data  although 
many data were only approximate values and many po in ts 
were s t i l l  in  controversy* 
d* On p o te n tia l app lications
The automatic proceeding c h a ra c te r is t ic s  of the 
hydraulic analogue together with i t s  ample experimental 
time fo r  the adjustm ents of the analogue components, 
were probably the main a ttra c tio n s  over the o ther types 
of analogues* A dditional devices could ea s ily  be incorporated 
in to  the hydraulic analogue to  solve d iffe re n t types 
of problems*
(1) The heat generation  or hea t absorption problems 
could be solved by simply adding or draining f lu id  
a t  the nodal points*
(2) Surface erosion  problems could be sim ulated by the 
use of by-pass valves , to  short c i r c u i t  the capacito rs 
and the r e s is to r s  as the erosion  progressed*
(3) Boundary cond ition  problems of ra d ia tio n  and convection 
could be sim ulated, by the removals of f lu id  a t  proper 
r a te s  and by the adjustments of te lescop ic  tubes a t  the
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boundary of the hydraulic analogue network#
C )^ Problems of constan t heat f lu x  a t  the boundary 
of heating  due to  e lec tro-aagnetic f lu x  could he simulated 
by the use o f p ositive  displacement pumps#
I f  the thermal p ro p e rtie s  of the material were 
dependent on the tem perature h is to ry  in  add ition  to  the 
temperature* i t  was possib le  to  vary the  resistances  
o f flow in  such a Benner to  take in to  account the temperature 
h is to r ie s  a t  several nodal po in ts o f the  hydraulic analogue 
network* because th e re  was su ff ic ie n t time to  plot 
roughly the tem perature history curves as the experiment 
proceeded# The only need was to  have one o r two ex tra  
opera to rs during the experiment#
For continuous eastin g  problems the  hydraulic analogue 
could be w ry  useful# I t. was possib le to  consider an 
element of ingot moving through the w ater cooled mould 
or d ie  by programming the  boundary conditions in  such 
a way that f u l l  e f fe c t  o f both the hea t and ©ass tra n s fe rs  
m m  taken in to  account# However the precise informations 
about the  boundary conditions o f the  water cooled mould 
were exceedingly d i f f i c u l t  to  determine by d ire c t 
experim ental methods# For d iffe re n t ingo t or b i l l e t  speeds, 
through the water cooled mould or d ie , i t  was only necessary 
to  have a s e t o f f iv e  * s ta tio n s” of boundary conditions
representing' the water cooled mould to  he imposed a t
th e  boundary of the  hydraulic analogue network representing
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an element of the moving ingot* luring  tiie experiment, 
th e boundary M s ta t io n s1* could be programmed to  move 
forward r e la t iv e  to  the element o f ingot a t a required  
speed*
Hydraulic analogue components eould be produced 
a t reasonable c o s t  by standard ization . I t  was pointed  
out by many sch o lars that amazingly inform ative r e su lts  
were obtained w ith  f in i t e  d ifferen ce  network o f lim ited  
nodal points* Even lim ite d  number o f hydraulic analogue 
components would be s u f f ic ie n t  to  se t  up a network for  
most engineering problems* For accurate work, there  
was no reason to  r e s t r ic t  noaal p o in ts , as more operators 
and more cameras could be put to  serv ices  during the 
experiment*
Many problems mentioned above were very d i f f i c u l t  
to  so lv e  by mathematics, and in  p ractice  errors o f  
in  r e s u lts  were to lerab le*  These r e a liz e d , the hydraulic 
analogue w ith  many of i t s  p o te n tia l fea tu res could be 
a very v e r s a t i l e ,  u s e fu l , and economical to o l  in  the  
research  o f  heat tran sfer  and other d iffu s io n  problems*
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Appendix I I I  Ih ickness o f c a s t  iron  mould trail and the
cooling water flow  rate fo r  the s t e e l  ea stin g  
considered in  the hydraulic analogue experiment
111*1.. Mould th ick n ess
As the mould in te r fa ce  temperature at the i n i t i a l
stage o f the s o l id i f ic a t io n  o f the ca stin g  was around
1,70Q°F, the temperature grad ients w ith in  the water
coo led  mould w a ll would be quite s te e p . However, a
th ick n ess of 0 ,5  f t  seemed to  be s u f f ic ie n t  fo r  the
mould to  stand the f e r r o -s ta t ic  pressure o f the molten
m etal and the thermal cy c le  during the s o l id i f ic a t io n
p er io d , and to  provide the i n i t i a l  c h i l l in g  e f f e c t
required  on the c a s t in g .
The heat tra n sfer  from the so lid ify in g  ca stin g
during the time in te r v a l o f  3 * 0 6  minutes from pouring,
would probably be stored  in  the mould i t s e l f #  Heat
ex tracted  by mould in  that time In terv a l was estim ated
to  be 201,000 Btu as shown in  ta b le  no# 5 • As the
d en sity  and the s p e c if ic  heat o f c a s t  iron  were lb /f t^
and 0 , 1 3  B tu /lb  r e sp e c t iv e ly , and the i n i t i a l  temperature
o f  the mould was 32°F, the heat balance equation was
+ ( ( 7 t X l W ) x 2 ] j  X 475[°''3(e-3Z)] * 201000 Btu
The r i s e  in  mould temperature would be © «  2 8 k°F  
which was a reasonable va lu e,
111,2  Cooling water flow
The coo lin g  water might be assumed to  become
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e ffe c tiv e  in  talcing a,way a l l  the heat tra n s fe r  iro n  the 
so lid ify in g  casting  a f te r  3»°6 minutes from pouring.
From tah le  no. *> th e  maximum heat tra n s fe r  ra te  was then 
about h x 10 B tu/hr • I f  the cooling water through 
the mould passage had a temperature r is e  of 60°F, the 
cooling water flow ra te  would he
W *  —  = 18.53 lb /se c
6 0  X 3 6 0 0
I f  3 inch p ipes were f i t t e d  to  the i n l e t  and e x it  
of the mould passage, the cooling water v e lo c ity  in  the 
pipes would be
V  =  *  p T - W  =  S *0 ?  f t / S e C62-4- ( - y x y j  
which was q u ite  sa tisfac to ry *  Water flow in  the mains 
was usually  lim ite d  to  12 f t / s e c  * Ko ex tra  pump was 
requ ired  because water from the tap  could be used fo r 
cooling . Ihe cooling water passages around' the mould 
w all could have a width of 3 to  h inches depending on 
the design*
the abovo ca lcu la tio n s  although based on sim plified  
assumptions, showed c le a r ly  th a t  the mould conditions 
were of p ra c t ic a l  nature*
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